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INFINITE-ORDER ROGUE WAVES THAT ARE SMALL (BUT NOT SMALL IN L?)
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DENIZ BILMAN AND PETER D. MILLER

ABSTRACT. General rogue waves of infinite order constitute a family of solutions of the focusing
nonlinear Schrodinger equation that have recently been identified in a variety of asymptotic limits
such as high-order iteration of Backlund transformations and semiclassical focusing of pulses with
specific amplitude profiles. These solutions have compelling properties such as finite L?-norm con-
trasted with anomalously slow temporal decay in the absence of coherent structures. In this paper
we investigate the asymptotic behavior of general rogue waves of infinite order in a parametric limit
in which the solution becomes small uniformly on compact sets while the L?-norm remains fixed.
We show that the solution is primarily concentrated on one side of a specific curve in logarithmically
rescaled space-time coordinates, and we obtain the leading-order asymptotic behavior of the solution
in this region in terms of elliptic functions as well as near the boundary curve in terms of modulated
solitons. The asymptotic formula captures the fixed L?-norm even as the solution becomes uniformly

small.
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1. INTRODUCTION

1.1. General rogue waves of infinite order. (General) rogue waves of infinite order ¥(X, T; G, B)
are particular solutions of the focusing nonlinear Schrédinger equation

(1) iQr + 5 Qux +1QPQ =0

that have recently appeared in numerous applications. In [23], one of these solutions was conjec-
tured to describe the weakly dispersive regularization of an infinite-amplitude collapse solution
of the dispersionless focusing nonlinear Schrodinger equation, and a version of this result has
recently been proved rigorously [11]. The same family of solutions arises in the fixed-dispersion
setting when Backlund transformations are repeatedly iterated. This was first observed in the
case of high-order fundamental rogue-wave solutions [4] (the application for which the solutions
are named) and also high-order soliton solutions [3]. Later it was shown that the same limiting
objects describe a family of solutions continuously interpolating between high-order rogue waves
and solitons [8], and in fact one can obtain the same limit via repeated Backlund iterations starting
with an arbitrary seed solution [5]. Evaluating at T = 0 one obtains functions of X that play a
role in boundary-layer theory for the sharp-line Maxwell-Bloch system [20] and the large-degree
asymptotics of rational solutions of the third Painlevé equation [1].

The solutions ¥ (X, T; G, B) are parametrized by a scalar B > 0 and certain 2 x 2 constant ma-
trices G. They are defined in terms of the following Riemann-Hilbert problem.

Riemann-Hilbert Problem 1. Let (X, T) € R?> and B > 0be fixed and let G be a 2 X 2 matrix satisfying
det(G) = 1 and G* = 02Go». Find a 2 x 2 matrix P(A; X, T, G, B) with the following properties:

Analyticity: P(A; X, T, G, B) is analytic in A for |A| # 1, and it takes continuous boundary
values on the clockwise-oriented unit circle from the interior and exterior.
Jump condition: The boundary values' on the unit circle are related as follows:

(12) P+ (A, X, T, G, B) —P_ (A, X, T, G, B)efi(AX+A2T+2BA71)O3Gei(AX+A2T+ZBA71)U3, ‘A‘ —1.
Normalization: P(A; X, T,G,B) — T as A — oo.

1We use the standard convention that a subscript + (resp., —) denotes a boundary value taken on an oriented contour
arc from the left (resp., right).
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Here 0> and 03 denote standard Pauli matrices

s for] o] 1o
R G| A ET R (VI U

and G* means the complex-conjugate matrix (no transpose). In general any matrix G satisfying
det(G) = 1 and G* = 02G0y, as in Riemann-Hilbert Problem 1 can be written as

b*
(13) G = G(ﬂ, b) = |a’21_|_|b’2 _ab e ’ (a, b) S CZ \ {(O, O)}

Riemann-Hilbert Problem 1 has a unique solution that depends real-analytically on (X, T) € R?
[6, Proposition 1.1], and the special solution ¥(X, T; G, B) is defined in terms of P(A; X, T, G, B)
via

(1.4) ¥(X,T;G,B) :=2i lim APy(X,T;G,B).

—» 00
Without loss of generality we take B = 1 thanks to the scaling symmetry [6, Proposition 1.2]
(1.5) ¥(X,T;G,B) = BY(BX, B°T; G, 1),

so we will write ¥(X, T; G) := ¥(X, T; G, 1) and omit B = 1 from the argument list of functions
related to P. On the other hand, the dependence on G = G(a, b) is more consequential.

1.2. Dependence on parameters. In recent work [6], numerous properties of the special solution
¥ (X, T; G) were established for fixed values of the parameters (a,b) € C?\ {(0,0)} including a
Fredholm determinant representation and the asymptotic behavior in spacetime as (X, T) — oo
in the entire plane. As part of the same work, a software package [7] was developed to com-
pute ¥(X, T; G) at virtually any point in the (X, T)-plane based on numerical solution of suitable
Riemann-Hilbert problem representations (modifications of Riemann-Hilbert Problem 1). One key
result is:

Theorem 1.1 ([6, Theorem 1.9]). Let G = G(a,b) be as in (1.3). If also ab # 0, then ¥(o,T;G) €
L% (R) forall T € R with |['¥ (o, T; G)|| ;2(r) = V8.

L%(R) is a natural space on which the Cauchy problem for (1.1) is globally well posed [25].
Most solutions in this space obey soliton resolution, in that either they undergo modified scat-
tering with dispersive decay in L*(R) proportional to |T|~2 or they have a soliton component
that does not decay at all in L*(R) [9]. However, the general rogue waves of infinite order with
ab # 0 are exceptional solutions that exhibit anomalously slow temporal decay [6, Theorem 1.22]:
¥(X,T;G) ~ |T| "5 as |T| — +oo (upper and lower bounds). This property makes these solutions
very interesting from the point of view of mathematical analysis as well as physical applications.

The condition ab # 0 is essential for Theorem 1.1 because otherwise the solution is trivial:

Proposition 1.2 ([6, Proposition 1.8]). Ifab = 0, then Y(X, T;G) = 0 forall (X, T) € R

This result relies on the fact that Riemann-Hilbert Problem 1 can be solved explicitly if either
a = 0orb = 0 (see, for instance (2.1) below). The solution ¥ (X, T; G(a, b)) depends continuously
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on (a,b) for fixed (X, T), so Theorem 1.1 and Proposition 1.2 together imply that

(1.6) lim [[¥ (o, T; G(a,b)| 2r) = V8 but V(X,T)€R?: lim ¥(X,T;G(a,b)) = 0.
38 428

While this is not a contradiction, it deserves a proper explanation in terms of the asymptotic be-
havior of the solution as ab — 0. Does the solution ¥ (¢, T; G(a,b)) decay in L*(R) as ab — 0 for
fixed T similar to dispersive decay conserving the L2-norm? Or perhaps the solution undergoes
translation to X = oo as ab — 0 for fixed T like a traveling pulse?

Numerical computations done with the software package [7] described in the paper [6] suggest
that it is a combination of these two scenarios that characterizes the limit ab — 0. Figure 2 shows
the behavior of ¥ (X, T; G(a, b)) as a decreases from a = 1 to a = } for fixed b = 1. There evidently

8

212 10 8 6 -4 -2 0 2 4 6 8 10 12
X

FIGURE 1. Surface plots (left) and density plots (right) of [¥ (X, T; G(a,b))| com-
puted with the software package RogueWaveInfinite.jl, for b = 1. From top to

bottom: a = 1,a = %,anda 1

i

emerges a quiescent unbounded region of the (X, T')-plane extending to X = —oo in which the
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solution becomes small as 2 — 0. Indeed, the small-amplitude oscillations visible in the wedge-
shaped region containing the the negative X-axis when a = b = 1 appear to decay as a — 0,
while those on the opposite side become amplified as @ — 0. In fact, these amplified oscillations
seem to merge with the larger-amplitude waves present for 2 = b = 1 in wedge-shaped regions
surrounding the positive and negative T-axes. Figure 2 shows the behavior of the solution close to
the origin (X, T) = (0,0) (the peak location of the solution if 2 = b = 1) as a decreases from a = 1
to @ = 5. Evidently, the peak of the solution both becomes smaller and shifts somewhat toward

FIGURE 2. Surface plots of [¥(X, T; G(a,b))| computed with the software package

RogueWaveInfinite.jl, for b = 1. From left to right: ¢« = 1,4 = },a = %, and

_ 1
2= »ez.
the positive X direction as @ — 0. Plots of the time-slices ¥ (X, T = 0; G(a, b)) as a becomes small
are shown in Figure 3.

4 =1
i 8
2 2 \ 2 2
0 s = > 0 1 a\ = ('—————/\_/\/W\ 04_—/\‘/\'/\(\,/
) 5 )
]

FIGURE 3. Plots of ¥(X,0,G(a,b)) computed with the software package
1

RogueWaveInfinite.jl, for b = 1. From left to right: « = 1,4 = g, a = 64,
and 2 = 5. Solid lines: [¥(X,0; G(a,b))|; dashed lines: Re(¥ (X, O,G(a,b))). The

solution is real valued for T = 0 since ab € R.

2~
i

Similar behavior of the solution but with X replaced by —X occurs if instead b — 0 with a fixed,
due to the following symmetry:
Proposition 1.3 ([6, Proposition 1.3]). ¥ (X, T;G(a,b)) = ¥(—X, T; G(b,a)).
1.3. Main results. The purpose of this paper is to provide a rigorous explanation for the statement
(1.6) by describing the wave profile in the asymptotic limit ab — 0. We find that in this limit,
Y(X,T;G(a,b)) is modeled by a gradually dispersing elliptic wavetrain with slowly decaying
amplitude.

Using Proposition 1.3, we focus on the case that 2 — 0 for fixed b # 0. The smallness of a is
measured by the quantity

1 a|
(1.7) Mi=——In[ —2__]>0
2 (x/\ﬂ!2+|b!2>
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and we introduce logarithmically rescaled coordinates (), ) defined by

(1.8) X=M?x and T= M1

Thus the limit @ — 0 corresponds to M — +c0. Also introducing the rescaled complex variable z
by setting

(1.9) A=Mz

we see that with B = 1 the exponent in Riemann-Hilbert Problem 1 is expressed in the rescaled
variables as:

(1.10) (AX + AT —2A71) = Md(z x,T),
X=M2x,T=M3T,A=M"1z

where

(1.11) 0z) = 8(z; X, T) = xz +12% — 2z L.

When x > —(541’2)%, the function z — 9(z; x, T) has a complex-conjugate pair of critical points
z = ¢,¢* depending real-analytically on (x, T) withIm(¢) > 0, and in Section 2.1 we show that the
condition Re(i?({; x, 7)) = —1 determines ) as an even real-analytic function of T denoted x.(7).
This function satisfies x.(7) > —(54’(2)% and x.(0) = §, and x = xc(7) satisfies the polynomial
equation F(x, T) = 0, where

(1.12) F(x, ) := —40967* + 12597127° + 5529674 — 1866247 x>
+ 69984743 — 12872 x* + 86417 )° 4 12967 x° — X% + 8)°.

In the right-hand pane of Figure 4, the curve (x,7) = (xc(7), T) is superimposed on the density
plot of the solution |¥(X, T; G(a,b))| witha = 1073 and b = /1 — a2, corresponding to M = 3.45.

_§16 ~14-12-10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 16

X

FIGURE 4. Plots of [¥(X,T;G(a,b))| computed with the software package
RogueWaveInfinite.jl, fora = 1072 and b = V1 —a2so M = 3In(10) ~ 3.45.
Left-pane: surface plot, right-pane: density plot with the critical curve (x,7) =
(xc(T),7) plotted in light blue in the (X, T) plane. Also shown with red dashed
lines are the curves ®,(x, 7; M) = 0 forn = 0,1,2,3 (see Theorem 1.6).

In Section 2.3 below we prove that there is a well-defined continuous and real-valued func-
tion A = A(), 7) defined for x > x.(7) with the following properties. Firstly, when x = x.(7),
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—x/(27) + TA(x, T)/2 is the unique real critical point of z — 9(z; x, T). Secondly, for x > x.(7),
A is a smooth function of (), T) for which the quartic polynomial

16T - 4
(A =x)* (A —x)
has a Schwarz-symmetric quartet of distinct complex roots z = «a, B, a*, §* labeled so that Im(«) >
0, Im(B) > 0, Re(w) < Re(B) and if Re(a) = Re(B), then Im(a) > Im(p). Thirdly, taking the
branch cuts of R(z) to be a Schwarz-symmetric pair of arcs, one of which joins « to 8 in the upper
half-plane, with the branch chosen so that R(z) = z? + O(z) as z — oo, the condition

(1.13) R(z)? :=z* + TAZ% + BTZAZ - ;X)\} 22+

(1.14)

® 2
/ 2ZZHXZTAR () dz = 2i
4

. 22
holds (the integrand has zero residue at z = 0 so the integral is independent of any Schwarz-
symmetric path avoiding the origin). Then, since the roots of R(z)? are distinct for x > x.(7), «
and f are also smooth functions of (x, T) on this region, and there exists a well-defined antideriv-
ative h(z) = h(z; x, T) of the integrand in (1.14) in the neighborhood of z = co with the integration
constant determined so that i(z) = d(z; x,7) + O(z!) as z — oo. Although z + K'(z) is mero-
morphic on R for x > x.(7) with zero residue at the pole z = 0, the continuation of /(z) from a
neighborhood of z = oo along R from z > 0 and z < 0 avoiding the pole results respectively in
two different values 4 (z) and h_(z) differing by a constant that we denote by A(x, 7):

(1.15) Ax,7):i=hi(zx,T)—h_(zx,T), x> x(7).

This is a real-valued smooth function of (), T) on the indicated domain, and an explicit formula for
itis givenin (2.120) below. Its partial derivatives are explicitly given by (see (2.38) and (2.42)—(2.44)
below)

(1.16)

A 1 (F dz 1t aa 1 . 9A
R LT A IR = (SRR O
Assuming that Re(«) < Re(p), all four roots lie on a single circle with center x € R, and we may
therefore define angles 0, := arg(a(x,T) — x) and 0 := arg(B(x, T) — x) with 0 < 6 < 6, < 7.
From these, we define
sin(0,) sin(6p)

sinz(%(G,x + 0[;))’
and note that the definition extends by continuity to the case that Re(a) = Re(p) with the limiting
value being given by m; = 4Im(a)Im(B)/ (Im(a) + Im(B))>.

With these ingredients, our main result describing ¥ (X, T; G) for large M is then the following.

(1.17) mi(x, T) =

Theorem 1.4 (Asymptotic behavior of ¥(X, T; G(a,b)) for small a / large M). Assume that a and
M > Oare related by (1.7). Let ¢ be a compact subset of R? with coordinates (x, T) satisfying x < xc(T).
Then in the limit M — +o0, (x, T) — MY (M?x, M3t; G(a, b)) is uniformly exponentially small on .
On the other hand, if # is a compact subset of (x,T) € R? for which x > x.(T), then in the same limit,

(1.18) MY (M?x, MT; G(a,b)) = e 8@ (x, 7, M) + O(M™)
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holds uniformly for (x,T) € . Here, ¥ (x,T; M) is given explicitly by (2.226)~(2.227) below, with
modulus satisfying

(1.19) [¥(x, mM)* = (Im(a(x, 7)) + Im(B(x, 7))
— 4Im(a(x, 7)) Im(B(x, T))sn? <]K(77117([X,T))(MA(X/T) + ), my(x, T)),

where the elliptic parameter mq1(x, T) € (0,1) ranges from m1(x(7),T) = 1 to my(+o00,7) =0, K =
K(m) denotes the complete elliptic integral of the first kind, and «(x, T), B(x, T) along with their complex
conjugates constitute an exact solution of the elliptic quasilinear system (2.55) of Whitham modulation
equations in Riemann-invariant form obtained by Forest and Lee [18] for the rescaled focusing nonlinear
Schrodinger equation in the form

109 1. ,9%
199 1, 2 _
(1.20) iM BT+2M aXZJrIq\ q=0.
Also, ¥ (o, 7; M) € L2((xc(T), +0)) and
too
(121) / FGOTM)P dy=8+0(M™), M oo
XelT

Note that according to (1.19), the amplitude |¥(x, T; M)|? of the approximation valid for x >
X<(7) is oscillatory (wavelength proportional to M~! as a function of x, or to M as a function
of X) and varies between the lower bound of |Im(a(x,7) — B(x,7))| and the upper bound of
Im(a(x, )+ B(x, 7)), both of which are M-independent functions of (), T) and hence have char-
acteristic length scales of M? as functions of X. It turns out that when T = 0, one has B(x,t) =
—a(x,T)*, so the lower bound vanishes. The upper bound expressed in terms of X = M?x for
X > xc(0) = 3 is compared with plots of ¥ (X, 0; G) for two different small values of a in Figure 5.

One implication of this theorem is that, since each compact subset .7 of the (X, T)-plane is
eventually contained as M — oo within a fixed closed disk .#" centered at (x,7) = (0,0) of
sufficiently small radius in the (x, 7)-plane that x < x.(t) holds on %/, we see that (X,T) —
¥ (X, T;G(a,b)) tends uniformly to zero on compact sets .#”’ as M — +oo. In this sense, general
rogue waves of infinite order are small locally uniformly when ab is small. However, in light of
Theorem 1.1 they cannot be small in L?(R), and (1.21) shows that the leading approximation of
Y (X, T;G(a,b)) asserted in Theorem 1.4 correctly captures the L?-norm as the solution spreads
and decays in the limit a — 0. Indeed, combining |¥ (M2, M3t; G(a,b))|> = M 2|¥(x, T; M)|* +
O(M~3) with X = M?x and hence dX = M?dy, and neglecting contributions for x < x.(7), we
can approximate

Foo
(122) | XM Gla ) dx = [ L FTMP dy =8,
R Jxe(T

so the L?-norm is not actually lost in the limit that 2 — 0. A more precise statement is:
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a=10"*

X

FIGURE 5. Plotsof [¥(X,0; G)| (solid) and Re(¥ (X, 0; G)) (dashed) computed with
RogueWaveInfinite.jl with G = G(a,b), b = V1 —a2. Top: a = 1073, bottom
a = 10~*. Because ab > 0, ¥ (X,0; G) is real valued. In both plots, the amplitude
upper bound of Im(a(M~2X,0) + B(M~2X,0)) is plotted for X > 1 M? in pink.

Corollary 1.5 (Convergence in L?(IR)). We have
(1.23) Jim |MY (M?o, MT; G(a,b)) — e 8 (o, 1; M) || 2gy = 0,

where ¥ (x, T; M) is extended by zero to x < xc(T).

The proof will given in Section 2.11 below. The bulk of Section 2 is occupied with the proof of
Theorem 1.4.

The small-a asymptotic behavior described in Theorem 1.4 is not uniform for (x,T) on any
neighborhood of a point (x.(7), T) on the critical curve. Our next result concerns the transitional
regime where (x, 7) is allowed to penetrate into the region x > x.(7) from the region x < x.(7).
To quantify the extent of this transition region in the (), T)-plane, we recall the complex critical
point z = &(, T) of the phase function z +— 9(z;x,T) = xz + 12> — 2z ! for x > — (541’2)% with
Im(&) > 0 and introduce the quantity

(1.24) d(x,7) = —i(0&(x, t); x, T) — 1).

The curve (x,T) = (xc(7), T) coincides with the zero level Re(d(x, t)) = 0 and the domain x >
Xc(T) corresponds to the region Re(d(x,t)) > 0. Because {(x,T) is a simple critical point of
z— %z x,7),9"(E(x, T); x, T) # 0, and in Section 3.1 below a certain complex-valued continuous
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function 7 (x, T) is defined with the property that 1 (x, T)> = i¢” (¢(x, T); x, T). Our theorem is then
the following.

Theorem 1.6 (Behavior of ¥(X, T; G(a,b)) at the edge for small a). Assume that a and M > 0 are
related by (1.7). Fix constants K_ > 0 sufficiently small and K > 0 arbitrary, and consider the region S
of the (x, T)-plane defined by the inequalities

(1.25) S = {(X,T) €R?*: —K_ <Re(2d(x, 7)) < K+ln(]\2/}4)}.

Also fix an arbitrary compact subset % of the domain x < x(t). Forn € Z>, set

eZMd(XJ)M—(n-&-%)

(120 DT = ) @ e G, 1)

where

(127) =

and set

(1.28) D, (x, Tz M) :=In(|Dy(x, ; M)|), Qu(x, ;M) :=arg(D,(x, T; M)).

Then defining

(1.29) P (x, T; M) := 2Im(Z(x, T) )sech(®, (x, T; M) e TM),

the asymptotic formula

(1.30) MY (M2, M>T; G(a, b)) = e iar8(ab) ng (X, TM) +O(M™2), M — +oo
n=0

holds uniformly for (x,T) € S U . Here, || denotes the nearest integer function that rounds up at the
half-integers.

The proof is given in Section 3. We also have the following corollary to Theorem 1.6 providing
more information about the function ¢, (x, T; M) given by (1.29).

Corollary 1.7 (Soliton approximation). Let (xo, T0) be a point maximizing |, (x, T; M)|, i.e., satisfying
@, (x0,T0; M) = 0. Set & := ¢(xo0, 10) and QY := Qy(x0, T0; M). Then

(1.31) Yu(xo+ X, 0+ TM) = gu.(x, TM) +O(M™1), M — foo
holds uniformly for x = O(M~1) and T = O(M™'), where
(1.32) gu(x, T3 M) := 2Im(&)sech(2M Im(&)[x + 2 Re(&y) 1] e e2M(Re(Go)x-+[Re(o)* ~Im(o)*)7)

is an exact soliton solution of the focusing nonlinear Schrodinger equation in the form (1.20) corresponding
to a simple eigenvalue ¢y € C. of the Zakharov-Shabat eigenvalue problem.

The proof is given in Section 3.6. These results show that the elliptic wave that occupies the
domain ¥ > x.(7) according to Theorem 1.4 degenerates at the boundary to a train of sech-
shaped pulses each of width proportional to M~! and separated from its neighbors by a distance
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proportional to M~! In(M). The pulses are modulated solitons confined to curvilinear trajectories
®,(x, ; M) = 0 (plotted in Figure 4) roughly parallel to the boundary curve x = x.(7), and
upon zooming in on a point on one of the trajectories at a scale proportional to the width of
the corresponding pulse one sees an exact soliton solution of (1.20) with the correct relationships
between amplitude, wavelength, velocity, wavenumber, and frequency. Note that the apparent
drift of the curves ®,(x, 7; M) = 0 for larger n from the amplitude peaks in Figure 4 is a finite-M
effect.

The remainder of the article is devoted to the proofs of these results, making use of the following
proposition to work with renormalized versions of the parameters (a,b).

Proposition 1.8 ([6, Proposition 1.5]). Forall (X, T) € R? and (a,b) € C> with ab # 0,

(1.33) Y (X, T;G(a,b)) = e @80 (X T;G(a,b)),
where normalized parameters defined by
(1.34) a:= L and b:= i

Vlal? + 162 Vlal? +1b]2

satisfy a,b > 0 with a®> + b% = 1.

1.4. Acknowledgements. D. Bilman was supported by the National Science Foundation on grant
number DMS-2108029; P. D. Miller was supported by the National Science Foundation on grant
numbers DMS-1812625, DMS-2204896, and DMS-2508694. The authors would like to thank the
Isaac Newton Institute for Mathematical Sciences for support and hospitality during the pro-
gramme Dispersive Hydrodynamics (EPSRC Grant Number EP/R014604/1), as well as the Uni-
versity of Bristol where part of the work on this paper was undertaken. The computations in this
work were facilitated through the use of the advanced computational, storage, and networking
infrastructure provided by the Ohio Supercomputer Center (48-core Pitzer nodes) [21].

2. ASYMPTOTIC BEHAVIOR OF ¥(X, T; G(a,b)) IN THE LIMIT a — 0: THE CASE X # X.(7T)

To study the limit 2 — 0, we assume without loss of generality (see Proposition 1.8) that the
parameters (a,b) are replaced by normalized parameters (a,b) witha > 0and b > 0and a® + b% =
1, provided we restore a phase factor of e~ 1a18(a0) at the end. Since a is small, it is useful to compare
the solution P(A; X, T, G(a,v/1 — a2)) of Riemann-Hilbert Problem 1 with the limiting solution

P(A; X, T,G(0,1)) which is given explicitly by (see [6, Appendix A]):

0 — e 2(AX+A’T)
;A < T,
(2.1) P(A; X, T,G(0,1)) = e2(AX+A?T) 0 A
lirTo, IA| > 1.

We therefore set
22) N(A;X,T,a):=P(A; X, T,G(a,v/1—a2))P(A; X, T,G(0,1))", |A|#£1, ac]01].

Then, ¥(X, T; G(a, V1 — a2)) = 2ilimp_ 0o AN12(A; X, T, a), and N(A; X, T, a) satisfies the condi-
tions of a related Riemann-Hilbert Problem:
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Riemann-Hilbert Problem 2. Let (X,T) € R?, and let a € [0,1]. Find a 2 x 2 matrix N(A) =
N(A; X, T, a) with the following properties:

Analyticity: N(A) is analytic in A for |A| # 1, and it takes continuous boundary values
on the clockwise-oriented unit circle from the interior and exterior.
Jump condition: The boundary values on the unit circle are related as follows:

V1—a? —a Ql(AX+APT—2A )0
a V1—a?

23) N+<A>=N<A>e‘“AX+A2T‘“1’”3[ . 1Al=1

Normalization: N(A) — Tas A — oo.

In terms of M > 0 defined by (1.7), according to (1.34) we have a = e 2M. Recall the scalings
(X, T,A) — (x,7,z) given by (1.8)—(1.9). Without changing the problem in any essential way,
we may assume that the jump contour is any simple closed curve I' in the z-plane that surrounds
the origin in the clockwise sense. The equivalent Riemann-Hilbert problem for S(z; x, T, M) :=
N(A, X, T,a) = N(M~1z; M2y, M3, e 2M) is then the following.

Riemann-Hilbert Problem 3. Let (x,T) € R? and let M € R. Find a 2 x 2 matrix $(z) = S(z; x, T, M)
with the following properties:

Analyticity: S(z) is analytic in z for z € C \ T, and it takes continuous boundary values on
I' from the interior and exterior.
Jump condition: The boundary values are related by S (z) = S_(z)VS(z) forz € T, where

1 — e 4M _efZiM(ﬁ(z;X,’r)fi)

S _ vS/(~. —
(24) V (Z) - V (Z/X/ T/ M) T eZiM(ﬂ(Z;X,T)-H) m 7

in which 9(z; x, 7) is defined by (1.11).
Normalization: S(z) — Tas z — oo.

We assume that I' is Schwarz-symmetric (with reflection reversing the orientation) and inde-
pendent of M. Then, it is easy to see that whenever S(z; x, T, M) is a solution of Riemann-Hilbert
Problem 3, so is 02S(z*; x, T, M)*0». Since P(A; X, T, G) is uniquely determined from the condi-
tions of Riemann-Hilbert Problem 1, it follows that also S(z; x, T, M) is uniquely determined from
the conditions of Riemann-Hilbert Problem 3, and so the solution is necessarily Schwarz symmet-
ric in the sense that

(2.5) S(zx, T, M) = 2S(z"; x, T, M)*

Since ¥ (X, T; G(a, V1 — a2)) = 2ilimp_,0 AN12(A; X, T, a), we have

(2.6) MY (M?*x, M31;G(e M, /1 — e~4M)) = 2i lim z515(z; X, T, M).
Z—>00

2.1. Definition of x.(7) and proof of Theorem 1.4 for x < x.(7). Noting the rapid convergence
to 1 of the diagonal elements of the jump matrix in (2.4), we will have a small-norm problem if the
contour I' can be placed such that the rescaled exponents +i(d(z; x, T) i) of both off-diagonal
entries have strictly negative real parts uniformly on I'. This will be the case if the region of the
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complex z-plane defined by the inequalities —1 < Re(id(z; x, 7)) < 1 contains a Jordan curve I
surrounding the origin, a condition that depends on the coordinates (x, 7).

Firstly, suppose that )(3 < —54712. Then a discriminant calculation shows that 9(z; x, 7) has
distinct real critical points (two if T = 0 and three more generally). One can show that in this
situation, (i) there are two critical points z = z4 having opposite signs: z_ < 0 < z; such that
the third real critical point lies outside of the interval [z_,z] and (ii) there is a zero level curve
Re(id(z; x, T)) = 0 in the upper half-plane connecting the critical points z_, z,. Taking I to be the
union of the latter curve with its Schwarz reflection we therefore have the desired strict inequality
—1 < Re(id(z; x, 7)) < 1 holding uniformly for z € T. See the first pane of Figure 6.

When yx increases through the value — (54”[’2)% and T # 0, the third real critical point coalesces
with either z_ or z, (if T = 0 instead z_ and z coalesce at z = 0) and the double real critical
point bifurcates into a complex-conjugate pair denoted ¢ = ¢(x, 7),* with Im(¢) > 0. Because
the double real critical point for y = —(5472)% lies on the set Re(id(z; x, 7)) = 0 € (—1,1), there
is a neighborhood of (—(5472)3,7) in R? on which it is still possible to place I surrounding the
origin within the region on which —1 < Re(i?(z; x, 7)) < 1 holds, although it is generally no
longer possible to choose T to be a zero level curve of Re(id(z; x, T)). Indeed, if x > —(5472)3,
the branch of the latter curve emanating into the upper half-plane from the remaining real root no
longer returns to the real line. See the second pane of Figure 6.

4 4 4 4
2 2 2
° \
= 0 . 8 Z 0 . =0
- o /"
72 ﬁ ( 72 72 72
-4 -4} = -4! — -4!
e(z

FIGURE 6. The region —1 < Re(id(z;x, 7)) < 1 (shaded) for T = 1. The critical
points of 9(z; x, T) are marked with black dots. The red dot marks the singularity

)

lmc(z)
m(z)
Im(z)
Im(z)

of ¥(z; x,7) at z = 0. From left to right, first pane: x < —(54’[’2)%, second pane
—(5472)% < X < Xc(7), third pane: x = x.(7), and fourth pane: x > x.(7).

However, given T € R, there is a maximum value of x denoted x.(7) with x.(7) > —(5472)3
such that if x > x.(7), the region —1 < Re(id(z; x, 7)) < 1 no longer contains a Jordan curve
I' surrounding the origin. See the third and fourth panes of Figure 6. The transition occurs be-
cause a critical point of ¢(z; x, T7) moves onto one of the two level curves Re(id(z; x, 7)) = +£1,
changing the topology of the indicated region in the z-plane so that it no longer contains a suit-
able contour T'. In fact, since ¢(z; x, 7)* = 9(z*; x, 7), the two conditions Re(id(&; x, 7)) = —1 and
Re(i%(¢*; x, 7)) = 1 occur simultaneously for x = x.(7). These two equivalent conditions can be

written in integral form as

¢
(2.7) Im(/ ¥ (z;x,7) dz) =2
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Using ¢'(&; x, T) = 0, it is easy to see that for each fixed T € R,

(2.8) a‘;lm </f ¥ (zx,7) dz) = Im(/g*ér %lj(l(z;)(,l') dz) = Im(/*é dz> = 2Im(&) > 0.

The left-hand side of (2.7) canbe writtenas k(x, T) := Im((&; x, T) — (% x, 7)) = —i(¥( & x, T) —
(& x,7)). Of course, when y = —(5472)1/3, we have k(, T) = 0 < 2since & = ¢*. For each fixed
T € R, it is easy to calculate the asymptotic behavior of the complex critical point ¢ as x — +oo;
namely & = iy/2x "1 + O(x~%/?). Therefore k(x,T) = 4/2x + O(x~'/?) > 2 as xy — +oo. Since
X + k(x, ) is strictly increasing, it follows that there is a unique value y = x.(t) > —(5472)!/3
consistent with (2.7).

The function T — x.(7) is differentiable. Indeed, implicit differentiation of (2.7) for x = x.(7)
with respect to T gives

/g O (z; x,7) dz é22 dz s 2o
@9 p=-% e = ) = Re(d)
/* 19;((2; X, T) dz - dz
When 7 = 0 and x > 0, the complex critical point is explicit: ¢(x,0) = iy/2x~!. Using
®(z;x,0) = xz — 2z~ ! shows that for x > 0, 9(¢(x,0); x,0) = i\/8x. Therefore, putting T = 0
in (2.7) gives \/8x = 1, that is, x.(0) = %. It is easy to show using ¢(z; x, —7) = —0(—zx, T)
that x.(¢) is an even function and therefore also x.(0) = 0. On the other hand, the condition

%' (& x,7) = 0is equivalent to the cubic equation 27¢% + x&? + 2 = 0. Taking the imaginary part
shows that x/(7) = —2Re(¢) cannot vanish if T # 0 and Im(&) > 0. For T # 0 we can determine
the well-defined sign of the continuous function T — x.(7) by considering the limits T — +oo.
The relevant dominant balance in the critical point equation leads to 27¢% +2 ~ 0 which has
two complex roots satisfying sgn(Re(¢)) = sgn(t). Therefore also sgn(x.(7)) = —sgn(7) for all
T # 0. It follows that for all T # 0 we have the strict inequality —(547%)1/3 < xc(7) < §.

In fact, it is possible to express x.(7) in algebraic form as follows. The condition &(¢; x, T) —
9(&*; x, T) = 2i can be written explicitly in terms of { = u + iv as

(2.10) v - (7( +2Tu + Mz_zHﬂ> =

Likewise the statement that ¢’ (1 + iv; x, T) = 0 can be split into its real part
(2.11) x(u? —v*) +2t(u® - 3uv®) +2 =0

and its imaginary part (cancelling v # 0):

(2.12) 2xu 4 6TU* — 270> = 0.

From (2.12) we may explicitly eliminate 12 in favor of u:

1
(2.13) u? = E(Tf)z — Xu).
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This formula allows one to systematically reduce higher powers of u to linear terms. Indeed,
substituting two consecutive times into (2.11) results in a linear equation for u that is solved by
187 — 8102

(2.14) u= pEwTEL
Substituting this expression for u into (2.10) and (2.12) and finding common denominators results
in a 9™ degree and 6™ degree polynomial equation in v respectively. The resultant between these
two polynomials is the condition on (), T) that they are simultaneously solvable; this resultant has
factors 7% # 0, (10872 + x3)12 which vanishes for y = —(10872)5 < —(5472)3, and finally F(x, 7)
given by (1.12) in Section 1. It is straightforward to check by explicit calculation that F(%,0) = 0,
while Fy(§,0) # 0, so locally the implicit function theorem applies to yield x = x.(7). From this
representation it is easy to see that for large 7, xc(T) ~ —(5472)3, even though the strict inequality
xe(T) > —(5472)3 holds for all T € R. The curves x = x.(7) and x = —(54’(2)% are plotted in
Figure 7.
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FIGURE 7. Plots showing the curve x = x.(t) (dark blue) and the curve x =

— (547:2)% (gray), to the left of which z — &(z; x, T) has real critical points, at differ-
ent scales.

The coordinates (x, T) of the point on the graph x = x.(7) can be expressed in terms of the
corresponding critical point { = u + iv with the use of (2.11)-(2.12):

20% — 6u? 2u
2.15 = d 1= ="
(2.15) W2+o2)2 M T 2ty
Finally, when x = x.(7) and T # 0, there is a third real critical point of z — ¢(z; x, T) that can be
written in the form z = —x/(27) + TA/2, so since the product of the critical points is —7~! we

obtain a parametrization of A in the form

(2.16) A= le(x— |€2’2> YRR

where we have used (2.15).

Now we give the proof of Theorem 1.4 in the case x < Xc(7). Under this condition, a Jordan
curve I exists enclosing the origin on which —1 < Re(id(z; x, 7)) < 1 holds and hence Riemann-
Hilbert Problem 3 is of exponentially small-norm type in the limit M — +oco, locally uniformly
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with respect to (), T). The statement in Theorem 1.4 that MY (M2y, M37;G(a,b)) is uniformly
exponentially small as M — 400 on compact subsets of x < x.(7) then follows from (2.6).

2.2. The spectral curve. When x > x.(7), to control the exponential factors on the off-diagonal
in the jump matrix in (2.4) we use the technique of multiplying S(z; x, T, M) on the right by a

iMg(z)05 where ¢(z) = g(z;x,T) = g(z*; x, T)* is to be analytic except for

diagonal matrix factor e
certain arcs of I' along which either ¢ (z) — g—(z) or g+ (z) + g—(z) + 29(z) is constant, and we

require g¢(z) — 0 as z — oo. For the method to be effective, g(z) cannot vanish identically. Setting
(2.17) h(z) =h(zx 1) =8z x 1)+ 0(zx 1),
we then see that 1’(z)? is analytic except at z = 0, and it has the asymptotic behavior

(2.18) W(z)>=4z*4+0(z?), z—0, and

(2.19) W(z)? =472 +4txz + 2 +O(rz H) +0(xz %) +O(z™*), z— oo,

in which the error terms cannot be made more precise without further knowledge of ¢’(z). There-
fore, by Liouville’s theorem

(2.20) W(z)? = z7*P(z), P(z):=41%2% +41x2° + }*2* + CG32° + Coz® + 4

where C; and Cz are real coefficients independent of z, and where C3 = 0 when T = 0. The relation
y?> = z7*P(z) is said to define the spectral curve for the problem.

Note that ¢(z) vanishes identically if and only if P(z) = (212° + xz? + 2)? is a perfect square.
Therefore we are only interested in the case that some of the roots of P(z) are simple. Also in the
special case that T = 0, P is quartic instead of sextic: P(z) = x%z* + Cpz> + 4.

2.3. Integral condition. In fact, for x > x.(7), we will assume that P(z) has four simple roots
forming a complex quartet and denoted z = «, B, a*, B* with « # B and Im(a) > 0 and Im(B) > 0,
and that if T # 0 the remaining two roots are repeated and real, say z = y/(27). In the latter case
we also require that C3 and C, are related so that the discriminant of P(z) vanishes. So, whether
or not T = 0 it remains to determine C; € R as a function of (x, 7). To this end, we impose the
integral condition

(2.21) Im < / W) dz> —2,

which is the correct analogue in this setting of (2.7). We note that since h(z; x,7) = g(z; X, 7) +
¥(z; x, 7) and g is analytic at z = 0, co with g(z) — 0 as z — oo it follows immediately that

(2.22) Reg, W (z; x,7) = Resh'(z; x,7) = 0.
z= Z=—00
This along with the Schwarz symmetry h'(z*; x, T) = h'(z; x, T)* implies that if we take a contour

of integration from z = & to z = f that avoids the branch cuts of i’ (z; x, T) except at the endpoints,
then without further conditions,

(2.23) Im< / ‘1) dz) —0.
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Consequently, it makes no difference if («, a*) are replaced with (B, f*) in (2.21).

If T # 0, we assume that P(z) as given by (2.20) has a double real root that we write in the
form z = 7/(27) for some v € R to be determined, and no further real roots. We then match
P(z) = (2tz — 7)?(z* — $12° + Spz% — S3z + S4) with the form given in (2.20) to equate the sym-
metric homogeneous polynomials S, of degree p in the four generically simple complex roots
z =uw, B,a*, B* to explicit expressions in (x, T,7y):

S =a+a"+p+p = _X:,Y
3
Sy:i=an” +ap+af’ +ap+a"BT+ B = (X+7L1(T72(+ 7)

(2.24) on

1= an"p+ o’ B 0B a'pp = T
4
Sy = an* BB = .
4 BB 2

To match the asymptotic that /' (z) = 27z + O(1) as z — co we write

_ 2tz—v

(2.25) W(z) 2

R(z), R(z)2 =z* — 6,23 4+ 5,22 — S5z + S, Sy =Sp(1x 1),

(cf., (1.13)) where R(z) is analytic except for a branch cut connecting z = « and z = B in the upper
half-plane and its reflection in the real axis, and where R(z) = z2 + O(z) as z — oo.

At this point, to be able to include the T = 0 case in the same framework it is convenient to
parametrize y by a new parameter A so that v = —x + 2A. Then the coefficients of R(z)? become

lét 4

=, S4= 5.
(A= x)? (T2A = x)?
Indeed, taking the limit T — 0 for fixed x, A, and z # 0, R(z)?> — z* + x2Coz*> + 4x 2 and
W(z)? — x*(z* + x 2Coz? + 4x %)z * where C, = —3x°A.

3 1
(2.26) Si=—-TA, S,= ZLTZ/\Z — XA S3=-—

Lemma 2.1. Let T € R and suppose that x > xc(7). Then v = —x + T2A # 0.

Proof. If T # 0, expanding out (27z — 7)?R(z)? and comparing with P(z) in the form (2.20) shows
that for all finite values of C;,C3 onehas ¢ # 0. If T = 0, theny = —x < —x.(0) = —% < 0. O

Using h'(z*) = W' (z)*, the integral condition (2.21) then can be written as f(A; x, T) = 0, where

(2.27) Fx, 1) = —1</“ H(z) dz — 21) _ _i</: 202X T ARy gz 21).

We think of this as an equation to be solved for A given (x,7) € R? with T # 0 and x > x.(7). A
computation using (2.24)—(2.25) shows that

oR 27(T2A — x)*2% + (124 — x)*(3T%A — x)z% — 967°z — 1672 (T?A — X)

(2.28) a(z) = KA R(Z) .
From this it follows that

(2.29)

on’' QA x, )

510 = am R QU T) = 6T = ) (T — 1) (A~ x)* 192
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Therefore, using the fact that ' (a) = I/ (a*) = 0,

of QN x,T) [ dz
(2.30) BA(A XT) =i 4(.[2)\ 0F Jo R(z)

The integral factor is a complete elliptic integral of the first kind. It cannot vanish, and by Schwarz

symmetry of R(z), it is purely imaginary. By artificially deforming the branch points «, a*, B, B* to
a configuration symmetric about the imaginary axis (so p = —a”*), one can show that the integral
is purely positive imaginary. Consequently, fy(A;x,7) = 0 if and only if Q(A;x,7) = 0, and
sgn(fa(Ax, 7)) = —sgn(Q(A;x, 7).

To determine how the configuration of roots of R(z)? depends on A and (x, T) with x > x.(7),
we now analyze the discriminant locus, i.e., the points in the (x, A)-plane for fixed T at which the
discriminant Z(x, T, ) of R(z)? vanishes. The discriminant is given explicitly by

‘@; (Xr T, /\)2*@2_ (X, T, /\)2-@1 (X/ T, )‘)

(2.31) 2(x, T, \) = 2(x — TZ)\)lz
in which

7y (X, T, A) = (x = T°A)A£8
(2.32)

D(x,T,A) = 27(1 2/\ X)°PTPA F 9% (T2 — )+ P (124 — x)® — 864t

Neither of the double factors %5°(x, T, A) nor the simple factor 2; (x, T, A) can vanish for A = 72y.
(Neither of the double factors can vanish for A = 0 either.) Hence given T # 0, equating the three
factors to zero gives a system of curves in the (x, A)-plane, none of which can intersect the line
A = 172x. In the limit Y — +oo, it is straightforward to determine all of the real solutions
A = A(x,T) of 2 = 0 at fixed T # 0; in order of increasing A (i.e., Aj(x, T) < Ax(x, 7)) these are:

o Ay = —8x 2 +12872x >+ O(x?), a root of @j(){, T,A);

Ay = 8x 2 +1287%x >+ O(x?), a root of 2y (X, T, A);

A = Zxt 2 — (8641 2)5x 14+ 0(x3), aroot of Z1(x, T,A);
Ay =xT 2~ \f|T|_1X_% +O(x2),arootof Z, (x,T,M);
As = Xt 24 (8647 2)3x 1 + O(x2), aroot of 7 (x, T, A);
Ag = 2 4 /Blt| "1y "2 + O(x2), a root of Py (X, T, A).

The other two roots of the double factor %, (x, T, A) and the remaining four roots of the simple
factor 2 (x, T, A) are non-real for x > 0 sufficiently large. Now considering finite ), we note:

e The discriminant of %, (x,T,A) with respect to A is —327°(547> + x®). This is strictly
negative for T # 0 and x > x.(7), and hence A1(x, T) remains the only real root of this
factor on the whole interval x > x.(7).

e The discriminant of %, (x, T, A) with respect to A is —327°(5472 — x®). This will change
sign from positive to negative as x decreases through the value

(2.33) X =xo(T) := (54’(2)% >0,
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which lies in the interval y > x.(T) provided || is sufficiently large’. In this case, as x
decreases from +oo through the value xo(7) > x.(7), two of the three real roots A2 (x, T),
As(x, T), and Ag(x, T) will coalesce and disappear. Since the graphs of A = A4(x, T) and
A = Ag(x, T) lie on opposite sides of the line A = 72y for large x > 0 and neither can
cross this line, the two roots Az (x, 7) and A4(x, T) lying below this line are the ones that
coalesce and disappear with the common value of A = 18)o(7) 2.

The discriminant of 2, (x, T, A) with respect to A is proportional by a large positive integer
to 77(14929927t* + x°). This is strictly positive for T # 0 and x > xc(7), and hence
As(x, T) < As(x, T) remain the only real roots of this factor for all x > x.(7).

Next we discuss the possibility of intersections of branches A = Ay(x, T) belonging to different

factors in the discriminant:

Obviously, the double factors @zi (x,T,A) can have no roots A in common.

The resultant of the double factor Z," (x, T, A) and the simple factor Z; (), T, A) with respect
to A is 40967 (5472 + x3)3. Since this is nonzero for T # 0 and x > x.(7), M(x, 7) <
Asz(x, T) holds on the whole interval x > x.(7).

The resultant of the double factor 7, (x, T, A) and the simple factor 21 (x, T, A) with respect
to A is 4096730 (54712 — x3)3. If T2 > 72, as x decreases from +oo, this will vanish at exactly
the same value x = xo(T) > xc(7) at which point the real roots Ay(x, 7) and A4(x, T) of
2, (X, 7, A) coalesce and disappear. This is consistent with the fact that between each pair
of consecutive real roots of 2, (x,T,A) for x > 0 sufficiently large there lies a real root
of 21(x,T,A). Moreover, when x = xo(7), it is easy to check that A, (x, 7) = A3(x, 7) =
Aa(x, ) =18x2and As(x, T) = As(x, T) = 72x 2. Expanding 2, (x,7,A) and Z1(x, T, A)
about A = 72x0(7) "2 and x = xo(T) shows that A5(x, T) < As(x, T) for x # xo(7)-

Next, we determine the components of the complement of the discriminant locus for which R(z)?

has two distinct complex-conjugate pairs of non-real roots. Based on the above analysis, the com-

plement of the discriminant locus and the singular line A = 7~2y consists of eight pairwise disjoint

components if 72 < 72, and a ninth component (denoted R, below) appears for T2 > 72

The region R_ is defined by the inequality A < A1 (x, T) for x > xc(7).

The region Ry, is defined by the inequalities A1 (x,T) < A < Ax(x, 7) for x > xc(7) if
T2 < 72, If 2 > 72, then Ry, is defined by A1 (x, T) < A < A2(x, T) for x > xo(7) and by
M(x, T) <A< As(x, ) for xo(7) < x < xo(T)-

The region Ry3 is defined by the inequalities A»(x, T) < A < Az(x, 7) for x > xc(7) if
2 < 72 If T2 > 72, then Ry; is defined by A2 (x, T) < A < As(x, T) for x > xo(7).

The region Rj4 is defined by the inequalities A3(x, T) < A < A4(x, 7) for x > xc(7) if
2 < 72 1f T2 > 72, then Ry is defined by A3(x, T) < A < Ag(x, T) for x > xo(7).

The region Ry is defined by the inequalities A4(x, T) < A < T~ 2x for x > x.(7) if > < 72.
If T2 > 72, then Ry is defined by A4(x,T) < A < T72x for x > xo(7) and by A3(x, T) <
A < T 2x for xc(T) < x < xo(7).

2Compu’cing the resultant of F(x, T) given by (1.12) (whose zero locus contains the curve x = xc(7)) and x® — 5472

with respect to x gives a cubic polynomial in T

2 with a unique positive root that determines the threshold value of ||

beyond which (541’2)% > xc(7), namely | 7| = |T| &~ 0.00573703.
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e The region Rys is defined by the inequalities T2y < A < As(x, T) for x > x.(7) (regardless
of the sign of 72 — 72).

e The region Rz, is defined by the inequalities As5(), T) < A < Ag(x, T) for x > xc(7) if
T2 < 72 1f 72 > 72, then R, is defined by As(x, 7) < A < A¢(x, ) for x > xo(7).

e The region RZ, is only defined for 72 > 72, and it is given by the inequalities As(x, T) <
A < As(x, T) for xe(T) < x < xo(7)-

e The region R is defined by the inequality A > Ag(x, T) for x > xc(7).

See Figure 8. For all (x, T, A) in any given region, R(z)? is in exactly one of three distinct cases:

R, 4

0 EROS ;
‘Ryp Rz

FIGURE 8. The locus Q(A; x,T) = 0 (dashed green curve) and the discriminant
locus in the (x, A — T2x)-plane for T = 0.003 (left) and T = 1 (right). Red curve:
the real root A = A;(x, T) of the double factor %, (x,7,A). Blue curves: roots
A=X(x 1), A= Mx 1), and A = Ag(), T) of the double factor 7, (x, T, A). Black
curves: the real roots A = A3(x, T) and A = As(x, T) of the simple factor Z;(x, T, A).
The vertical dotted magenta line is x = x.(7), the vertical dotted black line is
X = xo(T), and the horizontal dotted lines are A = 18x((7) 2 and A = 72x0(7) 2.
For x > xc(7), green shading indicates the regions (iii) where R(z)? has distinct
complex roots, pink shading indicates the regions (i) where R(z)? has all real simple
roots, and no shading indicates regions (ii) where R(z)? has two real roots and a
complex-conjugate pair of roots.

(i) four simple real roots, (ii) two simple real roots and two simple non-real roots, or (iii) four
simple non-real roots. To determine the case for a given region it therefore suffices to do so
for any convenient point (), T, A) contained therein. Since all of the regions except for R5, con-
tain arbitrarily large x > 0, for these regions it suffices to determine the root configuration for
any chosen A asymptotically confined as x — +oo in the eight disjoint intervals A < Aq(x, T),
MOLT) <A< A1), A1) <A< A(x 1), A T) <A< A(x, 1), Ay, T) < A < T2y,
T2x <A< As5(x,T), As(x, T) < A < Ag(x,T),and A > Ag(x, 7). To determine the root configura-
tion on R, it suffices to consider x = 0 which yields A5(0,7) = 326 |1| -5 and A6(0,T) = 646 ||~ 3;
then we may set A = 485 \T|*% and verify that T scales out of the root-finding problem for R(z)2.
For each region the root configuration is thusly determined by explicit calculations. The results
are:

e R(z)? has four simple real roots if (), T,A) € Ro3 U Rz,
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e R(z)? has two simple real roots and two simple non-real roots if (x, T, A) € Ray U Rgg U Ros.
e R(z)? has four simple non-real roots if (), 7,A) € R- URjp URS UR;.

Moreover, it can be shown that among all of the arcs making up the discriminant locus, those
for which there are no real roots of R(z)? (i.e., a purely complex double root configuration) are
precisely A = A1(x, 7) for x > —xo(7) (a condition implied by x > x.(7)) and A = A¢(x, T) for
X < Xxo(7). In other words, these are the arcs of the locus that separate two regions on each of
which R(z)? has four simple non-real roots. On all other arcs of the discriminant locus, R(z)? has
at least one double real root.

In the case that T = 0 and x > x.(0) = %, it is clear that 2;(x, 7, A) has no roots A whatsoever,
while 2, (x,7,A) = 0 has only the root A1 (x,7) = —8x > and %, (x,7,A) = 0 has only the root
Aa(x,T) = 8x 2. Therefore, only three regions survive: R_, Ryp, and Ry3, with the upper bound
on A for Rp3 replaced by +oco.

Lemma 2.2. On the region Ry in the (x, A)-plane, the inequality Q(A; x, T) > 0 holds.

Proof. Since Q(A;x,0) = x®and for T = 0, x > xc(0) = & > 0 on Ry, it suffices to fix T # 0
for the rest of the proof. By an asymptotic analysis of A — Q(A; x,T) as x — +oo analogous
to that already conducted above for A @Zi (x,T,A) and A — 21(x,T,A), one can check that
Q(A; x, T) = 0 has two real solutions A = Ag (x, 7) with asymptotic behavior )\5()(, )= (&
%\@)7_2 X +O(x %) as x — +oo while the other four roots are non-real for x > 0 sufficiently large.
Hence A1(x, 7) < A2(x,7) < Ap(x, 1) < As(x,T) < Aa(x,’r) < Ma(x, ) < As(x, 7) < As(x, 7)
holds for sufficiently large x > 0.

For T # 0, the discriminant of Q(A; x, T) with respect to A is proportional by a positive fac-
tor to the product — (5472 — x3) (5472 + x°)(14929927* + x°), which for x > x.(T) vanishes if
and only if x = (54’(2)%. This occurs for no x > x.(7) if |t| < |%| and at exactly the value
X = Xo(T) > xc(7) otherwise (the dotted black vertical line in the right-hand pane of Figure 8).
However, Q(A; xo(1),7) = (xo(t)?A — 18)?p(A;T) where A +— p(A;T) is a quartic polynomial
with discriminant proportional via a positive factor to xo(7)® > 0. Hence there is one real
double root A = Ag(7) := 18x0(T) 2 and four simple roots (of p). These four roots are also
non-real because there are only two real roots for large x > 0 and the discriminant of Q is
nonzero for x > xo(t). Expanding Q(A; x, ) = 0 about x = xo(7) and A = Ap(7) shows
that x — xo(t) ~ 374(272)73(A — Ag(1))?, so that A — Q(A;x,T) has exactly two real roots
A= }% (x,7) for x > xo(7), which coalesce and disappear as x decreases through xo(7). Since
the discriminant is nonzero for x.(7) < x < xo(7), there are no real roots at all in this interval.

Next we show that the two roots /\é (x, ) and /\JQr (x, T) are confined to the regions Ry3 and Ra4
respectively. This holds for sufficiently large x > 0 due to the inequalities A>(x, ) < A5(x, 7) <
As(x, T) < /\5 (x,T) < Aa(x, 7). It suffices therefore to show that these inequalities persist as
decreases to xo(7) (if |t| > |T]) or to xc(T) > xo(7) (if |t| < |T]). But A»(x, T) and A4(x, T) are
roots of A — 2, (x, T, A) defined for x > xo(7), and the resultant of Q(A; x, ) with 2, (x, T, A) as
polynomials in A is 6553672 (5472 — x*)? which is nonzero for x > xo(7). Hence the inequalities
A2(x,T) < Ag(x,T) and )\JQF()(, T) < A4(x, T) both persist for x > xo(7). Similarly, Az(x, 7) is
aroot of A — Z;(x,7,A), and the resultant of Q(A; x, T) with Z;(x, T, A) as polynomials in A is
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19110297673 (5412 — x3) (5472 + x3) (14929927 + x°)? which again is nonzero for x > xo(T) and
hence A (X, T) < A3(x, 7) < Ag( X, T) holds in the same interval. As the region Ry3 is defined by
Ar2(x, T) < A < Az(x, 7) and Raq is defined by A3(x, T) < A < A4(x, T), the claim is proved. The
roots )\5 (x, 7) are illustrated in the plots in Figure 8 with dashed green curves.

Since R- U R U{A = Ay(x, 7)} is disjoint from Rp3 and from R4, Q(A; x, T) is of one sign
on the whole region of interest. To determine its sign, it suffices to let A — —oo for fixed (x, T)
yielding that Q(A; x, T) > 0 holds on Rj; in particular. O

Lemma 2.3. If (x, T, A) are such that R(z)? has any real repeated roots, then f(A; x,T) = —2 # 0.
Proof. If R(z)? has a repeated real root, say & = a*, the integral in (2.27) vanishes. O

Proposition 2.4. For each x > x.(T), there exists a unique solution A = A(x, ) of f(A; x, ) = O that
is real analytic as a function of (x, T) and such that the graph of x — A(x, T) lies in the region Rys.

Proof. Given x > x.(7), the intersection of Ry, with the fixed-x vertical line in the plots shown in
Figure 8 is a A-interval A1(x, T) < A < Amax(X, T), where Amax (X, T) = A2(x, T) or (if |7| > |F]
and xc(7) < x < x0(7)) Amax(X, T) = A3(x, 7). When A = Apmax(x, T) there is a repeated real root
of R(z)? implying via Lemma 2.3 that f(A; x,7) = —2. On the other hand, when A = A;(x, T),
R(z)? = (z—¢)*(z — &*)? for some ¢ € C, implying that the polynomial P(z) in (2.20) is a
perfect square; therefore g(z) vanishes identically and hence (z; x,7) = 9(z; x, 7). This means
that f(A1(x, 7); x, T) = k(x, T) — 2, where k(, T) is the left-hand side of (2.7). Since by definition of
Xc(T) wehave k(x,T) —2 = 0 for x = xc(7), according to (2.8) f(A1(x, 7);x, T) =k(x,T)—2>0
holds because x > x.(7). Existence of a unique solution A = A(x,7) € (AM(x,7), Amax(X, T))
of f(A; x,7) = 0 then follows from the intermediate value theorem, (2.30), and Lemma 2.2. Real
analyticity of x — A(), T) follows from the implicit function theorem and analyticity of f with
respect to x > x.(7) and 7. O

2.4. Construction of ¢(z). We now show how, given x > x.(7), branch cuts for /(z) can be chosen
so that Im(/(z) £ 1) has a sign chart that is suitable for subsequent steepest-descent analysis. Level
curves of Im(h(z)) are arcs of horizontal trajectories of the quadratic differential #'(z)? dz?, i.e.,
curves with tangent dz satisfying at every point z the condition /'(z)? dz? > 0. Since 1(z) is
real-valued for z € RR, the real line (omitting the pole z = 0 and, if T # 0, the double zero
atz = v/(21) = —x/(27) + TA/2) is one such trajectory. As trajectories cannot intersect, all
remaining trajectories are therefore confined to the open half-planes C.; by Schwarz symmetry
of I'(z) those in C_ are obtained from those in C. by reflection through the real line. On the
Riemann sphere, the quadratic differential /#'(z)? dz? has just two poles (z = 0, ), so applying
Jenkins’ three-pole theorem [19, Theorem 3.6] shows that there can be no recurrent trajectories
and therefore also no divergent trajectories (see [24, §10.2 and 11.1]). It follows that each of the
three trajectories emanating from any simple zero of 1’(z)? tends in the other direction toward a
pole or zero of 1/(z)%. For all x > x.(T) we have exactly two simple zeros z = a, § in the open
upper half-plane C, and if T # 0 no trajectory from either of them can terminate in the other
direction at the real double zero z = v/ (27) because this is forbidden by the integral condition
(2.21). Teichmiiller’s Lemma [24, Theorem 14.1] can then be used to show that exactly one of the
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trajectories from z = « (resp., z = p) tends to z = 0, exactly one other tends to z = oo, and the
third tends to the other zeroin C4, z = B (resp., z = «).

Given this trajectory structure, we now construct the function g(z) so that Im(h(z) +1) has
the sign chart necessary to admit steepest-descent analysis. Indeed, let ¥, denote the Schwarz-
symmetric contour consisting of the trajectory 1'(z)? dz> > 0 joining the complex roots z = a, 8
in the upper half-plane, its Schwarz reflection in the real line, and a Schwarz-symmetric arc con-
necting z = B, B* that lies in the sector at z = B bounded by the trajectories emanating from this
point and tending to z = 0,00 (we assume that Re(a) < Re(p), and if the real parts are equal,
Im(a) > Im(pB)). In particular, the latter arc of X, crosses the real line at a positive value. Taking
the branch cuts of 4’(z) to be the arcs of ¥, joining &, B and joining «*, B* and accounting for the
fact that g(c0) = 0, ¢(z) is defined by integration of ¢’(z) = I'(z) — ¢'(2):

(2.34) g(z) = / W(Z) - 0(2)] dZ, zeC\Z,

where the path of integration is arbitrary in C \ X, because all singularities are removable. It
follows that g(z) and h(z) = 9(z) + g(z) are both real-valued for z € R and that g(z*) = g(z)*
and h(z*) = h(z)*. On the arc of ¥, connecting z = a, B, it follows from (2.21) and /' (z) +
W' (z) = 0 that ho(z) + h_(z) is independent of z and that Im(h. (z) + h_(z)) = 2. We may write
hi(z) +h_(z) = 2i+ ¢, where ¢ € R is independent of z. Likewise, since /' (z) is analytic on the
arc of X joining B, B*, on this arc (taken with downwards orientation) the difference of boundary
values is independent of z and real: hy(z) —h_(z) = A € R (as in (1.15)); meanwhile given the
placement of this arc relative to the critical trajectories, Schwarz symmetry of  and (2.21) imply
that Im(h4 (z) + h—(z)) € (—2,2). This in turn implies that Im(%(z)) > 1 holds on either side of
the arc of X, joining z = &, B, and that Im(h(z)) < 1 holds in the sector at z = « opposite this arc.
ee Figure 9 for these arcs and the regions where Im(/(z)) < 1 and Im(h(z)) > —1.

We denote the three arcs of X¢ as I'y 4, I's_,p+, and T'g: 4+ with the subscript indicating the
endpoints and orientation. Including an additional oriented Schwarz-symmetric arc I'y«_,, lying
in the sector bounded by the trajectories emanating from a tending to z = 0, co (crossing the real
line at a negative value) we obtain a closed contour I' := Ty g UT'g g+ U 'gs 4+ U Ty, with the
origin in its interior and clockwise orientation. Note that Im(%(z)) € (—1,1) holds for z € Ty+_4.

2.5. Additional properties of the spectral curve for y > x.(7).

2.5.1. Modulation equations. The four roots z = a, B,a*, B* of R(z)? are functions of (), T) on the
domain x > x.(7). Here we derive a quasilinear system of Whitham modulation equations for
which these functions are Riemann invariants. The starting point is the trivial (Clairaut) identity

0 oh 0 oh
ga(z,)(,l’) <9)(<_8T(Z'X'T)>_O' z€ C\Z,.

The left-hand side of this equation is an analogue in this setting of the canonical differential ()

(2.35)

in the modulation theory of the Korteweg-de Vries equation as explained by Flaschka, Forest,
and McLaughlin [16]. We first express the “inner” partial derivatives of / explicitly in terms of
a, B, a*, B*, and z by differentiating their Riemann-Hilbert jump conditions and solving the dif-
ferentiated problems. Using (1.11) and (2.17) shows that the partial derivatives /1, (z; x, T) and
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Im(z)

h+(z; x, T) are both analytic functions for z € C \ Z,, and taking into account further that g(co) = 0
holds for all (x,7) in question shows that hy(z;x,7) = z + O(z™!) while h(z; x, 7)
O(z71) as z — co. Differentiation of the jump conditions for (z; x, T) shows that ht (zx,T) +
hy(zx,7) = ¢x(x, T) and hey (2 X, T) + he— (2, X, T) = ¢(x, T) both hold for z € Ty, 5 U T 4.
Likewise, Iy 4 (z; X, T) — hy—(zx,T) = Ay(x, T) and hei (2, x,T) — he— (2, X, T) = A:(x, T) both
hold for z € TI'g_,p-. It follows from these conditions that y(z; x, T) and h:(z; x, T) necessarily
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4

Im(z)
Im(z)

-2+

0
Re(z) Re(z)

FIGURE 9. Left-pane: the region where Im(/(z)) < 1 and the arc of £, connecting
the points z = &, . The factor e 2M((z)-1) decays exponentially as M — +co for z
in the shaded region. Center-pane: the region where Im(/1(z)) > —1 and the arc of
., connecting the points z = %, a*. The factor e?M(h(z)+1) decays exponentially as
M — +oo for z in the shaded region. Right-pane: the region where the composite
inequality —1 < Im(k(z)) < 1 holds, and the arcs of X; connecting z = &, f and
z = B*,a*. Both of the factors e 2M(1(2)=1) and e2M((2)+) decay exponentially as
M — +-oc0 for z in the shaded region.

have the form

(2.36)

and
(2.37)

S EaT) =RE)

S(EnT) = RE)

dr(x,T) / dw n Ay (X, T) / dw
27-[1 raaﬁurﬁ*—m* R+ (w) (w - Z) 27-[1 rﬁ—»/ﬂ* R(w) (w - Z)

14 $(x,7T) dw A (x,7) dw

27ti /rﬁﬁurﬁ*ﬂ* Ry(w)(w —z) 2mi Jry g R(w)(w—z) |

But since R(z) ™! = z72 + 13273 + r4z7* + O(z %) as z — o0, where

(2.38)

r3:i==(a+p+a"+p),

rai= g (Blat pa’ + 77 — 4’ +upta’prap’ +ap o+ BpY)),

|~ N =
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upon dividing (2.36) by R(z) and using hy(z; x, 7) = z+ O(z ') as z — oo we see that

Px(X ) / dw | Ax(x7) / dw _
(2 39) 27-[1 ra—»ﬁurﬁ*aa* R+(w) 27T1 rﬁaﬁ* R(w)
' ¢x(x, 7) / w dw n Ax(x,T) / wdw ,
2mi Jrpurpe e Ry (w) 2mi Jry e R(w) -
and similarly using /. (z; x, T) = z* + O(z 1) as z — o0 in (2.37) gives
o) | do  an) [ dw
240 2 Jropurg . Ry(w) T 2 Jr, . R(w)
. ¢ (x,7) / wdw  A(x,T) / wdw _,
27-(1 ru%ﬁurﬁ*ﬁa* R+ (w) 271—1 rﬁ*}ﬁ* R(w) N

Now a contour deformation shows that

dw w dw
2.41 / ~0 and / — im
(241 ToospUlpe e R (W) TamspUlpeor Ry (W)

—a*

Therefore, defining

1 w? dw
(2.42) j— / YA e Ze,
P 2mi Tpp R(w) P =

25

and noting that Iy # 0 as a complete elliptic integral of the first kind, we may solve explicitly for

O (X, T), Dy (X, T), ¢ (X, T), and Az (x, T):

(2.43) Ay(x,T) = _Il and ¢, (x,7) =2r3 — 2%
0 0
and
3 r3ly
(2.44) A(x,T) = A and ¢ (x, T) =214 — 2T'
0 0

Using these in (2.36)—(2.37) explicitly presents the “inner” partial derivatives of 1 as functions of z

depending parametrically on x, T only via the four points z = «, B, a*, B*.

The expressions (2.36)—(2.37) can be further simplified by invoking another contour integration

argument to show that

dw it
= , cC\X,.
Fo oy T ~ Ry €O\

We thus define another branch of the square root by setting

(2.45)

—R(z), ze€int(T),

(2.46) E(Z) = {R(z) z € ext(T)
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and we see that if C is a clockwise-oriented loop surrounding the branch cut T'g g+ of R(z) but not
enclosing its other branch cut I'y« 4,

S G S L
. | — =1 " 1 '
Mo R(w)(w —z) 1?1(2) 5. E(W)(Z’]_Z) z € int(C) \ Tp_p.
Therefore, (2.36)—(2.37) become
(2.48)
1 Ay (x, d

I E(PX(X' T)+ XiiiT)R(z) A ﬁ(w)(;‘jz)’ for z near a or a*

B (Z’ X T) = 1 A N d

X E((])X(X,T) + Ay(x, 7)) + Xii’f) R(z) fc IA{/(w)(Z—Z)' for z near 8 or B,

oh
(2.49) g (zx,7)

for z near « or a*

R()+ 39e(u) + 2R f S

] i O R
Ac(x, T w .
R(z) + E(gbr(x,r) + A (x, 7)) + P R(z) fc W’ for z near B or ¥,

where the + sign stands for the fraction R(z)/R(z). Also, I, defined by (2.42) can be rewritten as

1 w? dw

, PE Zzo.

Next, we differentiate /1, and h; with respect to T and ) respectively, thinking of z near z; :=
a, zp = B, z3 == a*, or z4 := PB*. The most singular terms in any of these limits arise from
differentiation of R(z) via its branch points, since

oR 1 41 9z
(2.51) aX/T(z) = —ER(z)g P
Hence
J (oh, M T) 41 oz dw

(252) Fy (87( (Z,X, T)) = 87Ti R(Z) lzzl P e %(‘jﬁ(u))(u)—ze) + O(l), Z—r2Zy
and
(2.53)

0 oh, B 201 9z | (1 Ar(x,T) dw

ax<_a~c(Z’X’T)> = R(z) ;z—ziﬁ (2+ e éﬁﬁ(w)(w—z@ +0(1), z—z.

Therefore, keeping only the coefficients of the most singular terms corresponding to i = ¢, the
identity (2.35) implies that

(2.54)

. .

AT dw oz 1+AT(X(T)% _ dw R o 11,234
2 87 Jc R(w)(w —z() ) 9x

87ri %cﬁ(w)(w—Zg) oT
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Here, the partial derivatives A, (x, T) and A(), T) are explicitly expressed in terms of zj,...,24
using (2.43)—(2.44).

Therefore, the quantities z, = z;(x,7), £ = 1,...,4 satisfy a quasilinear first-order system of
partial differential equations in diagonal (Riemann-invariant) form:

-1
A dw
o e Rl —zn] |

Using (2.38) and (2.43)—(2.44), the characteristic velocities s, can be written in the form

aZg aZg - o AT
(2.55) T+ ga =0, (=1,...,4 sf___AiX_

-1
1 dw

2.56 Sy = —=2q + 4rril f~— , {=1,...,4,

(2.56) (=50 lolcR(w)(w_ZD]

in which we use the notation

4 4 4

(257) Zl = ZZZ', 27_ = Z ZiZ]', 23 = 2 ZZ'Z]'Zk.

i=1 ij=1 ijk=1

i#j i#j#k

The quantities s; defined by (2.56) agree precisely with the characteristic velocities S() defined in
the well-known paper of Forest and Lee [18] on the Whitham modulation theory of the focusing
nonlinear Schrédinger equation after accounting for some typos® and rescaling the time by a factor
of 2. To see this, we integrate the identity

R 2 — 1% 351 — - 1
258) d R(w) _w’—3 1w+ z¢(3Z1 — 2¢) 71—[ S U
dww — z, R(w) 259 R(”’)(”’—Zf)
i£0
around the cycle C to obtain
lli[ Zg 2 7{ dw _ w? — %le~—|— ZZ(%Zl - Zg) dw
(2.59) 24 ; R(w) (w—zy) ¢ R(w)

= 47‘(112 — 27‘Ci2111 + ZﬁiZg(Zl — 22[)10.
It follows that sy given by (2.56) can be written as

4
—I%ihb+ 1230 + H — 1%1z0(3%1 — z0) | Io

7&
L — 3% +2(351 — z0) o

(260) Sy =

3some typos in [18] include: in (IL.2b), the first and third equations should read f; = (irx — 2Er)g + (igx + 2Eq)h and
hy = 2(iry — 2Er)f — 2i(qr — 2E2)h respectively; in the displayed formula for D;l) for 0 < j < N —2 on page 53, an
overall minus sign is missing (at least in the genus-one N = 2 case); in (II.6) a minus sign is missing on the derivative

with respect to X for consistency with (IIL.2); in (II.10) the characteristic speeds S (k) are off by a sign and the summation
in the numerator should begin with the index j = 0.
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Next, recalling (2.57), we have
4

(2.61) [1(ze — zi) = 423 — 35425 + 250z, — X3,

=1

z‘;éé
so s; becomes a ratio of cubic and quadratic polynomials in z, with coefficients that are symmetric
functions of all four points z;,i =1,...,4:
_ 21023 — Z41oz% + (2o — 153 Iozp — 354 L + 1521 — 1551,

2.62 s
( ) ! —I()Z% + %leozg + I, — %lel

Finally, since

d ~ 4w’ — 3T w? 4+ 25w — X3

(2.63) o R@) = 2Rw)

7

by integration about the loop C we obtain the identity 213 — %lez + 2 — %2310 = 0. Using
this we eliminate Ip from the constant term in the numerator on the right-hand side of (2.62) and
obtain

2Dz} — Eqlozi + (Z2 — 12D lozp — 2B+ 1L + (2 — %)y

2.64 Sy
( ) —I()Z% + %211024 + I — %lel

Upon dividing numerator and denominator through by Iy # 0, the resulting ratio of polynomials
Déz)zi’ + Déz)z% + DEZ)Zg + Déz) and Dél)z% + D%l)Zg + D(()l) matches those defined in [18] modulo
the aforementioned time rescaling and typos.

2.5.2. Absolute integrability of derivatives. We now prove the following.
Lemma 2.5. The partial derivatives oy (x, T) and B (), T) are absolutely integrable on (xc(T), +0c0).

Proof. Let T be fixed. By symmetry it suffices to consider prove the integrability of «,, and since
X — a(x, T) is continuously differentiable with respect to x on the open interval (x.(T), +00) it is
sufficient to examine &, in the limits y T +co and x | x.(7).

Absolute integrability of ny at x = +oco. We begin by analyzing A (), T) as x — +o0. Since A1(x, T) =
—8x 2+ 0(x°) < AMx,7) < A2(x,T) = 8x 2+ O(x°) for large positive x > 0, we may write
AMx, T) = 2(4—6%)x 2 for 0 < 6% < 8. A calculation then shows that, after rescaling by z = X tw,

(2.65) CR(x2w)? = (w2 — 22+ 8*w? + O(x?)

in the limit Y — +oco, uniformly for bounded w. Next, we rewrite the integral condition (2.21)
with the help of the alternate branch R(z) of the square root of R(z)? defined in (2.46). R(z) is
analytic except on I'g 5 U Ty, and satisfies R(z) = 2> + O(z) as z — co. Using R(z) in place of
R(z) gives a corresponding modification h’(z) of I(z). Then the condition (2.21) can be written as

(2.66) % fL W (z) dz =2
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where L is a clockwise-oriented loop surrounding I's+_,,. Then, in the scaling z = x_%w, 74 (z) =
(21z 4+ x — T2A)R(2z)z~2 has the expansion
H(x"tw) = PR(x 2w)w 21+ 0(x?))
(2.67) w? — 2 52 54
=X

o a0 ap) rou )

Here the error terms are uniform for w bounded and bounded away from w = 4+/2. Because

N

dz = Xf% dw, for (2.66) to be satisfied it is necessary that the rescaled branch cuts are very near to
w = £1/2, 50 we can fix a rescaled contour L := x2Lg enclosing the point w = —+/2 but excluding
w = 0,+/2 and then expand (2.66) as

1 » ) .
_ X2 w-—2 1 ) 3
=5 % s () rouh

(2.68) s 3
=x? (\@ +0(6*) + O(x2)>.
This shows that 62 is necessarily large compared with )(*% as x — +o0, and in fact
(2.69) 52 = ‘/?8;(% +O(6H +0(x2) = ‘/?8;(% +O(x ).
With A = A(x, T), combining (2.29) (replacing ', R with ', R) with
(2.70) E;Z(z) = <22 + %T)\Z + T2A% — Z}()\ +48(7T*A — X)_4T2> ﬁgz)'

implicit differentiation of (2.66) yields

1 3 dz
2 2,2 2 4.2
Z°4+ —TAZ+ TA° — XA +48(T°A — ) =—
2.71) oA _A(TPA—x)* 7{L0< 2 " ( v ) R(z)
' n  QxT) 7{ dz ‘
Ly R(z)
Using A = 2(4 — 6%)x 2 with 6> = O( P ), it is straightforward to obtain
4(T°A = x)* 2 2 5 —u
2.72 ——— =14 + 1927 +0 2), — +o0.
For the ratio of integrals in (2.71), the constant terms in the integrand of the numerator have the
expansion
(2.73) T2\2 — g)()\ +48(T°A — x) P = —6x 1 + O(X_%), X — +0o,

4

and for the remaining terms we use the substitution z = X*%w and the expansion (2.65) to obtain

1 dz l - -3 dw
2 1.2 1 52
2+ -TAz | = w”+ X 2w ) ——=
?{40 ( ) > ( ) 3 (X ( ) X ) 1

(2.74) - - - XROTW) _ g1 4 oy )
ﬁ R(z) ﬁxﬁ(xéw
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as x — +oo, where we used the fact that L encloses but is bounded away from the pole at w =
3
2

—+/2. The ratio of integrals is therefore —4x ! + O(x2), so combining with (2.72) gives

EN
(2.75) i —16x 34+ 0(x7 1), x — 4.

Now differentiation with respect to x for « = a(), T) of the monic quartic equation R(a)? =
at — S0+ Sn2 — Sa+S4. =0 yields
31, _ A2 _
(2.76) 8706: abl*ocb2+ocb3 bi,
ox (a—a*)(a—p)(a—p)
in which bj = SJ}X forj=1,...,4are given by
oA 1

1
by = —1t=—, b= _E)H— E(BTZ)\ -X)

N
ax’
48t L 8 0

b= <r2A—x>4<1 Tax)' b4‘<r2A—x>3<1 Tax)'

2

(2.77)

Since the roots of R(x~2w)? converge to w = £+/2 as x — +oo, it is immediate that |« — f| >
Xf% and |« — B*| 2 X*%. Expanding (2.65) shows that the roots near w = —+/2 satisfy w =
—V/2 & 1i6 + O(6%) which implies that |a — a*| > X268 > x~i. For the numerator in (2.76), from
la| < x~? we then obtain a®h; = O(x 3x %) = O(x 2) and abs = O(x 2x %) = O(x ?).
Some useful cancellation then occurs in the combination a?b; + by via a? = 2y~ + O( 7(*%), b, =
42+ 0(x ?),and by = —8x 3+ O(x %), hence a?b, 4+ by = O(x~ 7). Using these estimates in

(2.76) yields |ay| < X2 as x — +oo, which is integrable.

Absolute integrability of ay at x = x(7). Fix T € R. For the other limit x | xc := x.(7), the roots
z = a, B of the quartic R(z)? coalesce at z = &, Im(&) > 0, which leads to divergence of the contour
integrals in (2.71) and logarithmic corrections in the sub-leading order terms in the expansion of
f(A; x, T) defined in (2.27). To study this behavior, we first recall that since /1(z) and ¢(z; x, T) agree
when x = x., using (2.15)—(2.16) we may parametrize the limiting values (x., T, Ac) of (x, T, A) by
the common limiting value ¢ = u + iv (with v > 0) of , B. With this notation, from (2.71) one can
observe that the polynomial in the integrand of the numerator has the same limiting value at the
two points z = ¢, ¢* at which the denominator becomes small:

(2.78) (22 + ;TACZ> = —(u*+v?).

z=u=iv

Therefore, the most singular contribution of the numerator integral in the limit x | x. is explicitly
proportional to that of the denominator integral, so the ratio of these integrals tends to the limit
18u? + 20%. Evaluating the remaining factors in (2.71) in the limit, we therefore deduce that the
partial derivative A, has a well-defined finite limiting value as x | x. that we denote by A, .:

oA 2(u? +0%)4
_7 = i —_— =
(2.79) Ape = lim (X T) = =g s

Since its derivative is continuous for x > x., it follows that we may represent A (), T) in the form

(2.80) AX,T) =Ac+ Ay cAx + AN, AX =X — Xor
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where AL = o(Ax) as Ax | 0.
We now determine the leading term of A\. Starting from (2.25), with v = —x + T2\, we write
I (z) in the form
1

(2.81) W(z) = ?L(z)r(z)r(z*)*,
where L(z) is the linear function
(2.82) L(2) := 272 + X — T°Ac + (1 — T2Ay ) Ax — T2AA,

2= (z—a)(z—pB)and r(z) = z+ O(1) as z — oo with r having a straight-line

branch cutjoining &, B. Let &= % (x4 B) denote the midpoint of the branch cut. Then since r(z) has

and where 7(z)

opposite signs on opposite sides of its branch cut and elsewhere is analytic, in the definition (2.27)
we may replace the integral over a path from a* to a by the average of two integrals over Schwarz-
symmetric paths denoted A, each of which goes from &% to &+ in the domain of analyticity of
1 (z), where ¢, are points at z = & on opposite sides of the branch cut for r. It is not important
where A cross the real line other than the pole z = 0 of /(z), because the residue of /' (z) at z = 0
vanishes. Concretely, we assume that ﬁi are as follows. Let C be the circle centered at 5 with
radius %Im(g) ; let ] denote one of the two points on C with Im(J) = Im(¢) for which | Re(J)]| is
largest. Thus Re(J) # 0. Finally, let A'! denote the two segments from antipodal points ]+ of C to
& that are perpendicular to the branch cut between « and . Then A~ NC consists of the vertical
line from z = Re(J) # 0 to ] followed by a shortest arc of C terminating at J. followed by A’f_&

Thus we arrive at the rewritten integral condition

1 e dz
0= fNixT) = [ LEMIE)S -

21 JA UA_ z

(2.83) .
—tm( [ L 992 g,
where the second formula follows by Schwarz symmetry. Now let p := |a — &| = |p —¢| =
3|B — a|. We use the following representation of r(z*)*:
%\ * Tk (ﬁ* B a*)z ’ Tk

2.84 riz")" =(z— 1—-———F%>) =2z-§ +m(z
e @) = f:)( o & +m(z)

where by Taylor expansion it follows that 1(z) = O(p?) holds uniformly for z in bounded subsets
of C since &* € C_. We also use a corrected representation of (z):

2.8 rz) =z —é(ﬁ—«xﬁ(zig) te(2),
0

~

where (1/8), := X|7>p(§)/ is a cutoff version of 1/{. By Taylor expansion in 1B—w)/(z—20),
it is easy to see that e(z) = O(p®/(z — &)?) for |z — &| > p; also since e(z) = r(z) — (z — ¢) for
1z —¢| < p, using |r(z)| < (|z — | + p) it follows that e(z) = O(p) for |z — &| < p. These estimates
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imply thate € L'((A; UA_) NC. ) with norm

3
L p”|dz| 2
(250 lellua.oane,) = /(/Luﬁ)mu z— 2 /(&uﬁ)mmp |dl S0

z—&|>p z—&|<p

Since L(z)/22 is uniformly bounded on the union of contours (Ay UA_)NC, as & — &, it then
follows that
(2.87)

ﬂano=Im<j&ugmaL&)F—E—éw—wf(zigkj&—éﬂj?)—2+om6.

We explicitly evaluate the terms not involving the cutoff function defined as

(2.88) folxT) ::1m</( L(z)(z—é)(z—é*)jf) )

ALUA )NC,

by first noticing that since the integrand vanishes to first order at the common endpoint & of A,

and since & — & = O(p), we may write
2.89 AxT) =1 L Az—%) _240(p2
e®) Ao —in( @e-8E-E)F ) ~2+0(),

ALUA_)NC4

where A+ now are contours terminating at ¢ instead of Z. We next observe that, because the
integral condition is definitely satisfied when Ay = 0 and AA = 0 and « = B = { (so that also
r(z)r(z*)* = (z — &)(z — ¢*)), we have the identity

dz
2.90 I / Lo(z)(z=&)(z—&)—= ) =2, Lo(z) : =21z 4 xc — T2\
e ([ - LEE-0E-0F) =2 L e~ A

Therefore, since L(z) — Lo(z) = (1 — T2Ayc)Ax — T2AA = (1 — T2 A, )Ax + 0(A)), and

(2=8)(z—=8) — (2-§)(z—&") = —2Re({ — )z + ¢ — &
(2.91) v R .
= —2Re(¢ — )z +2Re((¢ — £)¢") +O(p”),
which in particular is 0(1) as Ay — 0, we get
~dz
292) fo(Ax,T) = (1 — T*Ayc)AxIm </(A+UA_)DC+(Z —)(z—¢ )ZZ>

([ L) [2Re(E - x4 2Re((E = 2] ) +o() + 06

The last step in evaluating fo(A; x, T) is to determine the leading asymptotic behavior of &-¢,
which turns out to be proportional to Ay.

For this purpose, we now study the asymptotic behavior of z = «, B by seeking small roots
w of the quartic R(¢ + w)?. To simplify the use of the expansions of x and A, we first multiply
through by (72A — x)® # 0 (see Lemma 2.1). Then (72A — x)?R(& + w)? has coefficients that are
all polynomials in Ay and AA and that are rational in (u#,v) with common denominator 2(u? +
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0?)10(9u? + v?)°. Therefore clearing that denominator:

2 3 2 _ p(w) v -
(2.93) (CA=X)PRE+ ) = 5 60,2 1 o2 Mw%—;%mwr

where the coefficients p; are polynomials in u, v, Ax, AA with expansions with respect to the small
parameters Ay and AA of the form:

ps=0(1), p3=0(1), pr=640*(u*+v*)B(9u> +0*)° +0(Ay),
(2.94) p1 = —32iv(u 4 iv) (Bu + iv) (u® + 0*)°(9u? + v*)*Ax + O(AA),
po = 16(u +iv) (3u + iv) (1? + v*) 1 (9u® + v*)° AL + O(AX?).
Here we used the relations AA = 0o(Ax) and Ax = o(1) only to express the error terms. Setting
p(w) = 0 and seeking dominant balances for small w, since p, has a positive limit as Ay — 0,
the terms pyw?* + psw? are definitely negligible compared to p,w?. From the remaining quadratic,

linear, and constant terms, we can determine the leading-order asymptotic behavior of the sum
and product of the roots:

. . . 2 2 2
@295y bwa = p- 28 =~ (14 o(1)) = HOIEIECETS £y 4 o)),

(u +iv) (3u + iv) (9u? + v?)
402 (u? + v2)?

(296)  wiwy = (a—&)(B—&) = 22(1 +0o(1)) = AA(1+0(1)).

In particular since a« + B = 2(;’\, we can combine (2.95) with (2.92) and use v = Im(¢) to give a
remarkably simple formula:

(2.97) folhx,7) = Im</(A A dz> Ax +o(Ax) + O(p?) = 20Ax + o(Ax) + O(p?).

Therefore, going back to f(A; x, T) using (2.87)-(2.88) we have

(298) f(Ax 1) =20A)x — ;Im<(,8 —«)? /(&uﬁ)nm L(z)< ! A> (z— rf*)dzz>

z—G/, z
+0(Ax) +O(p?).
Since (B — a)? = O(p?), all bounded contributions from the integral can be absorbed into the error
terms. Due to the cutoff Xz—&)>p (z) implicit in the integrand, we are essentially integrating in z

up to a pair of antipodal points a distance p from &, and the only contribution to the integral that
grows as p — 0 comes from a logarithmic singularity at z = & Thus,

‘ 1 sadz _ LE@)(E-&), (1
(2.99) /(fmgm; L(z)< A> z-% = o 5 ln<p> +0O(1), p—0.

z—G/, z?
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Since & = &+ O(p) and pIn(1/p) is bounded as p — 0, we can replace & with the limiting value &
and absorb the difference into the error terms. Therefore,
1 L —¢* 1
Fux,7) = 208 + 41m((5)<§2§)(5 - 04)2) ln(p> +o(A%) + O(p?)
1 L —¢" 1
= 20Ax + 4Im<0(€)g’;g)(ﬁ - a)2> 1n<p) +0(Ax) +O(p?),
where on the second line we used the fact that p?In(1/p) = 0(1) as Ax — 0 and hence also p — 0
to replace L(§) with Lo(¢). Note that in terms of ¢ = u + iv, we have

Lo(&)(§ — &) _ 4iv(3u — iv) (u — iv)
2 (uZ + 02)? :
Now, (B—a)? = ((B—¢) — (x={))* = (a+ B —20))* —4(a = {)(B—{) = (w1 +w2)* — dwrwy,

so this quantity can be approximated using (2.95) and (2.96), and it is a sum of terms proportional

(2.100)

(2.101)

to Ax? and AA. A priori, it is not clear which of these terms is dominant, although it is known that
AA = o(Ax). To answer this question, suppose that AA = O(Ax?). Then also (B —a)? = O(Ax?)
and hence p = O(AY), so using (2.100) the integral condition on A becomes

(2.102) 0= f(Ax, 1) =20Ax +o(Ax) if AA =O(Ax?),

because p — p?In(1/p) is monotone increasing for small p > 0. Since v = Im(&) > 0, this is
clearly a contradiction because Ay > 0 holds for x > x.. Therefore, in fact AA is large compared
with Ax?, and so

(2.103) (B—a)? = —4wiwa(1+0(1)) = —4F i”)sz’(”ujfzz()g;‘z %) A1+ 0(1)).

So, multiplying by Lo (&) (¢ — &*)/&? gives a product that is purely imaginary to leading order and

therefore the integral condition on A actually reads
(9u? + v?)? 1
20(u2+02)4A)\ln A +o(Ax),

where we used the fact that In(1/p) = 3 In(1/]AA[) + O(1).
Finally, we return to (2.76) and (2.77) and note that sinceaw — { = u+iv, A = Acand A, — Ay,

(2.104) 0=f(Ax, 1) =20A)x —

(2.105) lim a®b; — a®by + absz — by = 0.
Xdxe

Also, since (« — a*)(a — B*) — —4Im(&)? # 0 we clearly have

:o(M) :O<|A1t|5> :0<<\AA\ln<‘AlM>>_;_e>, X 4 xe(7)

holds for every e > 0. Therefore, using (2.104) gives |a,| = o(Ax~27¢) which is integrable at
Ax = x — xc(t) = 0 by taking € < 3.
This completes the proof. O

du

(2.106) 5

2.6. Use of g(z). Assuming x > x.(7), we take the jump contour I for Riemann-Hilbert Prob-
lem 3 to be that described at the end of Section 2.4. We introduce a new unknown T(z; x, T, M) by
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setting
(2.107) T(z; x, T, M) := S(z;x, T, M)eM8Z)%s 7 c C\T.

Then, from the conditions of Riemann-Hilbert Problem 3 we see that T(-; x, T, M) is analytic in
its domain of definition, takes continuous boundary values on I' from each side, and tends to I
as z — oo. Moreover, since g(z) = g(z*)*, the matrix T(z; x, T, M) inherits from S(z; x, T, M) the
Schwarz symmetry (2.5). The jump conditions satisfied by T(z; x, T, M) across the arcs of I' read

as follows:
VI —e—3M _o-2iM(h(z)—i)
(2.108) T4 (Z} X7, M) =T_ (Z} Xr T/M) [eZiM(h(Z)+i) m ;2 €T,

1 0
(2.109) T+(z;x,T,M)[ 1 — e—4Mg2iM (I (z)—i) 1]

_ 1 0| 0 —e Mo
=T (zx1,M) /1= e M2iM(h-(2)-i) 1| |eiMg 0 , z€Tusg,

V1 — e—4MeiMA _e—iM(h+(z)+h,(z)—2i)
M (2)th ()42) ] e—dMg-iMa |1 %€ Tpprs

and there is a jump condition on I'g«_,,+ that follows from that on T, g by Schwarz symmetry. We

(2110) Ty(zx, T, M) =T-(z X, T, M) [

have written the jump condition across I', 4 in factorized form to facilitate the opening of small
lenses surrounding this arc and its reflection I'g-_,,+. Letting Q. gand Q" 4 denote lens-shaped
regions to the left and right respectively of I'; 5, we define

zEQ;:ﬁ.

(2.111) O(z;x,T,M) :=T(z x,T,M)

1 0
++/1 — e—4MeZiM(h(z)fi) 1] ’
To preserve Schwarz symmetry in the form (2.5) for O(z; x, T, M) we make corresponding substi-

tutions in the reflected domains in 8 and elsewhere we set O(z; x, T, M) := T(z;x, 7, M). The

jump conditions for O(z; x, T, M) read as follows. Let AT

«p denote the outer boundary of the lens

domain Qf B with the orientation from « to 8. Then,

VI Z e dM  _e—2iM(h(z)—i)
(2.112) O4(zx, T, M) = O_(zx, T, M) [ QM)+ e |2 2 S Twow
0 _e—iMq)
(2.113) Oi(zx,T,M)=0_(zx,T7,M) Mo , z€Tasp,

a— B’

1 0
(2.114) O.(zx,7,M)=0_(zx1,M) [ 1], z € AT
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V1 — e—4MeiMA _efiM(hJr (z)+h_(z)—2i)
oM (2)+h-(2)42) /] _ g dMe—iMA |’ z € Tpp,

and on the reflected contours I'g«_,,+ and Afi 8 there are corresponding jump conditions induced

(2.115) O (zx, T, M) = O_(zx,T, M)

by Schwarz symmetry. Since O(z; x, 7, M) = T(z; x, T, M) holds for |z| sufficiently large, while
T(z x, T, M) is related to S(z; x, T, M) by (2.107) where g(o0) = 0, it follows from (2.6) that also

(2.116) MY (M?x, M31;G(e M, /1 — e=4M)) = 2i lim zO12(z; x, 7, M).
Z—00

A useful formula for the constant A € R can be found as follows. Let z denote the real point on
the arc I'_, 4. Then, since ¢(z) is single-valued,

@QU7)  A=hi(z)—ho(2) = (g (2) + 0:(2) — (g (2) + 0 (2)) = g4(2) — g ()

assuming also that z # 0 (we can deform I's_,g- if necessary to ensure this). Using (2.34) and
integrating on the real line from co = oo for calculating g+ (z),

z
@118) A= [ [W(2)-9(2)]dZ- / ¥(2)] 4z = - [ [W(2) - ¥'(2)] dz.
+oo R
Clearly the result is independent of z. Using (2.25) and the definition of 9(z) in (1.11) gives
2Tz 4 x — T2A 2
(2.119) A=— /}R [ZZR(Z) =27z Z2:| dz.

The apparent singularities of the integrand at z = 0 and z = oo cancel by choice of the branch
points « = a(x, T) and B = B(x, T), so the integral is absolutely convergent and since the integrand
is analytic except for the branch cuts I'y, g and I'g 4+, Cauchy’s theorem can be applied to replace
R with a counterclockwise-oriented loop surrounding the cut 'y, g. Then, with this replacement,
the contribution to the integrand from &' (z) vanishes as it is analytic inside the loop, so ultimately
the result is that

(2.120) - 2/ 21z “‘ 22X TR )
aaﬁ

Combining the first identities in (2.24) and (2.26) gives —12)A = 27Re(a + B), so to implement this
formula requires only determining & and B as functions of (x, 7) € R? with x > x.(7).

2.7. Outer parametrix. The properties of /1(z) now imply that all of the exponential factors involv-
ing h(z) decay rapidly to zero as M — +o0, although the decay is not uniform in neighborhoods
of the four points &, B, a*, B*. The outer parametrix captures the pointwise asymptotic behavior of
the jump matrices.

Riemann-Hilbert Problem 4 (Outer parametrix). Let ¢ and A be given real numbers. Seek a 2 x 2
matrix-valued function O°"(z) with the following properties:

Analyticity: O°!(z) is analytic in z for z € C \ I'y_,g UTg_.g+ UT«_,4+, and it takes contin-
uous boundary values except near the four points «, B, a*, B* at which negative one-fourth
power singularities are admissible in all four matrix elements.
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Jump conditions: The boundary values on the jump contour are related as follows:

. . 0 __~—iM¢
(2.121) Oi‘ﬂ(z) = 0°(z) [eiM¢ eO ], z € LyypUlpys,
. . eiMA 0
(2.122) 0% (z) = O%(z) [ 0 eiMalr ZE€ Lgpe

Normalization: O°%(z) — Tasz — co.

To solve this problem, first note that the matrix F(z) := e 17%3/4elMgos/2out (7)o —1Mgos/2im0s /4
satisfies exactly the same conditions as does Oout(z) except that the jump conditions on 'y, U
g« 4+ are reduced to the simple form F (z) = F_(z)ic.

Let j(z) denote the function analytic for z € C\ (T,p UTp-_+) with asymptotic behavior
j(z) — 1 as z — oo and that satisfies

, (z—a)(z—B")
(2.123) z)* = : .
&= =) p)
This function satisfies the scalar jump condition j; (z) = —ij_(z) on both arcs of its jump contour:

[ysp UT g0+ From j(z), we define two related functions:

(2.124) FO(z) = %(j(z) Fi@), PP =

Note that

(i) - i),

1 .
FPE)FP() = s (i) 1)
(z—a)(z=p") = (z—a")(z = B)
4ij(2)*(z —a*)(z = B)
(e B—a— Bz +aft —atp
B 4iR(z) '
Unless Im(p) = Im(a), this product has a single real-valued root:
Im(a”p)
Im(ﬁ) —Im(a)

We notice that j(z) is a well-defined quantity of unit modulus for all z € R, so we can write it as

(2.125) =

(2.126) FP(2)FOP(2) =0 = z=12z:

j(z) = e, in which case FP(z) = cos(8) and FOP(z) = sin(f). By the argument principle, using
the fact that j(z)* has one pole and one zero on either side of the real line, j(z)* has zero winding
number as z traverses the real line. This implies that 6 is a real analytic function of z € R that
tends to zero in both limits z — +oco. Since the roots of FP(z) correspond to values 0 € 7(Z + )
(and hence 6 # 0), they must therefore be even in number (counted with multiplicity). Because zg
is the unique simple root of FP(z)FOP(z), it follows that FOP(zy) = 0. Note that j (z) = —ij_(z)
implies that

(2.127) FP(z) =F9P(z) and FP(z) = —FP(z), z € TapUTpne
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Also,
I —1I

(2.128) FP(z) 51 and FOP(z) = m(ﬁ)zzm("‘) +0(z7?), z— oo
Finally, observe that according to the jump conditions (2.127), the function k defined on a two-
sheeted cover R of the z-plane joined at the cuts 'y ;5 U T4+ by setting k(z) := FOP(z)? on
one sheet and k(z) := FP(z)? on the other sheet is a meromorphic function on R with simple
poles at the branch points «, 8, 2%, B* and double zeros at z = zp and z = oo on the sheet where
k(z) = FOP(z)? (and no other poles or zeros).

Let L denote a clockwise-oriented loop surrounding the arc T', ., and consider the integrals

“ dz dz
2129 I = 2 —_—, I = ,
( ) A o R(Z) B L R(Z)

where the path of integration in I 4 is a straight vertical line in the domain of analyticity of R(z).
Since R(z*) = R(z)*, it follows that I 4 is purely imaginary; in fact, since R(z) > 0 at the midpoint
of the integration contour, it can be shown that I 4 is strictly positive imaginary. Also by Cauchy’s
theorem, the contour of integration in Iz can be replaced by R with right-to-left orientation and
therefore Iz < 0 because R(z) > 0 for z € R. Passing to the Riemann surface of y> = R(z)?, [ and
Ip are integrals of the same holomorphic differential over a canonical basis (\A, B) of homology.
We can simplify these integrals as follows.

Provided that Re(a) < Re(p), the points «a, B, a*, p* all lie on a circle with center x € R and
radius p > 0 given by

1Bl _ Ja—plla— g
(2.130) X = 2Re(B) — 2Re(a) and  p:= 2|Re(B) — Re(a)|

By the affine transformation w = (z — x)/p, we get

(2.131) I4==
14

where S(w) is a corresponding square root of the monic quartic in w with roots w = e*% and
w = e*%, in which 6, = arg(x — x) € (0,7) and 63 = arg(B — x) € (0, 7). Note that S(w) =
w? + O(w) as w — o0, and we may assume that S(w) is cut on the upper unit semicircle between

2 /eia"‘ dw [ 1 dw
e S(w) T pJiS(w)

w = e% and w = e!% as well as its Schwarz reflection. We assume that the points «, B are labeled
such that 0 < 6 < 6, < 7. A fractional linear transformation taking w = et to W = +1
respectively is
_i1g ot

The same transformation maps w = e*% to W = +m~1/2 = + tan(36,) cot(36p). Since 6 —
cot(30) is positive and monotone decreasing on 0 < 6 < 7, it follows that 0 < m < 1. Therefore,

i 1 dw
2.133 Iq= / . m = cot’(360,) tan?(16;).
( ) A psin(36,) cos(3605) /-1 V1 — W2y/1 — mW2 (26:) (26)
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Similarly, by collapsing the image of L in the W-plane to the opposite sides of the real interval
[1,m~2] we obtain

1
1 mo2 dw

2.134 Ig = — ,
( ) 5 psin(36,) cos(305) /1 VW2 —1v/1 — mW?2

m = cot*(16,) tan”(365).

By definition of the complete elliptic integral IK(mm) of the first kind

1 dx
2135 ]Km::/ . 0<m<1,
( ) (m) 0 V1 —x2v/1— mx2
one easily sees that
2iK () 2/1 2/1
2.136 I4= , m = cot’(50,)tan“(503).
( ) A psin(%(%,x)cos(%@ﬁ) (36) (36)

One can write I in a similar form by means of the substitution mW? = 1 — (1 — m)Z? mapping
W e (1,m 2) onto Z € (0,1):

2157 L= 1 /1 dz . K@1-m)

' b psin(36,) cos(30p) Jo V1 —272\/1— (1 —m)Z2 psin(36,) cos(36p)
It follows that
(2.138) Ho—omilt - KO =m) 0, m = cot’(16,)tan*(10p).

I K(m)
In the situation that Re(B) — Re(a) tends to zero while Im(a) > Im(B) > 0, the elliptic parameter
m has limiting value [Im(B)/Im(«)]? € (0,1), so H makes sense as well.

The Abel map is defined as follows:

2mi (7 d7
(2.139) A(z) = H N M’ zeC \ (ra—>/3 U Iﬂﬁ—>/5" U rﬁ*ea*),

and it is single-valued and analytic in its domain of definition. Its boundary values are related by:

(2.140) Ai(z) +A (z) =0, z€T,,p
(2141) A+ (Z) — A,(Z) =H, z¢€ r‘gﬁlg*,
(2142) A+(Z) + A,(Z) = —27Tl, zZc 1—"3*%0‘*.

Note that the Abel map can be extended from its domain of definition to the whole Riemann
surface R by using the definition (2.139) on the sheet of R where k(z) = FOP(z)? and changing
the sign on the other sheet; then allowing the path of integration to be arbitrary on R, the lift of
A(z) to R becomes well-defined modulo integer multiples of 27ti and H. According to the Abel-
Jacobi theorem, this extended Abel map acting linearly on divisors of meromorphic functions on
R yields zero (modulo the period lattice). Applying this result to the meromorphic function k
whose divisor is (k) = 2z§P + 200°P — ¢ — B — a* — B* (the superscript denotes the sheet where
k(z) = FOP(z)?) and noticing that the sum of A applied to the four branch points yields a period,
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we learn that the function defined precisely by (2.139) satisfies
(2.143) 2A(zp) + 2A(00) = 27ting + Hny

for some particular 11,1, € Z (mod 2) (each of A(zp) and A(c0) is well-defined modulo integer
multiples of 27ri and H). In fact?, we may take n; = —1 and 1, = 1.
The Riemann theta function is defined for w € C and Re(H) < 0 by
(2.144) O(w; H) := ) e Hem,
nez
and it is an entire function of w satisfying the identities
(2.145)
O(—w;H) =0(w; H), O(w+2mi;H) =0(w;H), and O(w+ H;H) = e_%HejF“’@(w;H).

It has only simple zeros, and they are located at the lattice points w = (j + 3)27i + (k + 3)H for

(j, k) € Z>. We denote the zero for j = k = 0 by K:

(2.146) K =i+ %H

Taking an arbitrary complex shift s € C and a point zg € C \ (Ty—,5 UTp_,p: UT g 4+), we define

two functions of z by

O(A(z) £ A(zo) £ K —s; H)
O(A(z) £ A(z0) £ K; H)

(2.147) 7% (z;20,8) = , 2€C\ (TasspUTpp UTppe).

One can check that ¢* is analytic in its domain of definition. On the other hand g~ has a simple
pole at z = zp, and this is its only singularity (unless s is an integer linear combination of 27ri and
H in which case the singularity is cancelled and g~ becomes analytic). Taking boundary values, it
follows from @(—w; H) = O(w; H), ®(w + 27i; H) = ©(w; H), (2.140), and (2.142) that

(2.148) qi(z20,8) = qF(z20,—s), z € | NIV U} S
Similarly, it follows from ®(w + H; H) = e 2Me="@(w; H) and (2.141) that
(2.149) qf (z;20,8) = esqu (z20,8), z € Tppe.
Therefore, the matrix Q(z) defined by

(2.150) Q(z) := [‘7+(Z;Zo,s) —ig~ (z; 2o, —s)]

ig7(z;20,8) gt (220, —5)

satisfies the following jump conditions

(2.151) Q+(Z)=Q(Z)[ ] 2 € Tasp UTpesas

i 0

4Since ny and np are integers and the left-hand side depends continuously on « and B, we can calculate them from
a limiting configuration in which a = ¢¥/4 and B = €'™/%. In this limit, zy — o0 so we should evaluate 4A (o) in
the limiting configuration. To do this, we take a path of integration from z = & = e37ri/4 along the unit circle in the
counterclockwise direction to z = —1 and then a real path from z = —1 to z = —c0. The leg of the path on the unit
circle gives a purely imaginary contribution to 4A (o) equal to —27i while the symmetries R(z) = R(—z) = z2R(z!)
valid for z € R show that the real leg of the path gives a real contribution to 4A(c0) equal to H.
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and
(2.152) Qi (z) =Q (2)e’?, zeTp p
Identifying zo with the value given in (2.126), which is the simple root of FOD (z), we can modify
Q(z) as follows:
_ PD + (. o FOD — (- o
(2153) Q(Z) e i O(]i)q (_Z’ ZO’S) 1 - (Z)q <Z’ ZO’ S)
—iF9P(2)g7 (z;20,8)  F°(z)q" (z;20, —5)
With this modification, the pole at z = zg in g~ (z; zo, £s) is removed, and so Q(z) is analytic in the
complement of the jump contour. Using the jump conditions (2.127) one has

(2.154) Q. (z) = Q_(2)ic1, z € LusypUTp .
Using the fact that FP(z) and FOP(z) are analytic on I's_,-, one has
(2.155) Q. (z) =Q_(2)e?, z €T p-.

To match the desired jump conditions of F(z) it therefore only remains to choose s = iMA. Finally,
using (2.128), we can normalize at infinity by multiplication on the left by a suitable constant
diagonal matrix to obtain

g7 (2,20, iMA) _ipOD () g~ (z;z0, —iMA)
g+ (09; 2, iIMA) ! g+ (c0; 2o, IMA)
g~ (z;z0,iMA) g (z;z0, —iIMA)

D
gt(o0;z9, —iIMA) (Z)q+(oo;zo, —iMA)

FP(z)
(2.156) F(z) =
—iFOP(z)

Going back to O°%(z) by a constant diagonal conjugation yields

FD(Z) q+ (Z,' Zo, iMA) e_iM(PFOD(z) q (Z; Z0, —iMA)

(2.157) O (z) := gt (00;20,iMA) | 07 (00;20,iMA)
MO FOD (1) 9~ (z;20,iMA) D(z) gt (z;z0, —iMA)
77 (00;29, —iMA) gt (o0; 2o, —IMA)

One can verify that this solution of Riemann-Hilbert Problem 4 is unique and therefore, like
O(z;x,7,M), T(z; x, T, M), and S(z; x, T, M), it has Schwarz symmetry of the form (2.5).

2.8. Inner parametrices. We define two conformal mappings, one on a neighborhood of each of
the points z = a, 8 as follows. First, note that h(z) is well defined at z = a and that h(a) =i+ 1¢.
At z = B, the sum and difference of boundary values of h(z) are well defined, and h (B) +
h_(B) = 2i+ ¢ while hy(B) — h_(B) = A, implying that h, (B) =i+ 3¢+ 3A. Let Dy, p = a, B
denote disks of radius 6 > 0 fixed but sufficiently small centered at p.

e On D, we define a conformal coordinate ¢, (z) := (2i(i(z) — h(a)))3 by analytic continua-
tion of the positive 2 power from the arc emanating from z = « along which /(z) — h(«) is
negative imaginary, and within D, we choose I'y+_,, to agree with that arc. We also choose
the image under ¢ = @, of I',_, N D, to lie on the negative real axis, and that of A", g Da
to lie on the ray arg(¢) = F37.

e On Dg we define a conformal coordinate ¢g(z) := (2i(h(z) — h+(,3)))% by analytic con-
tinuation of the positive 2 power from the arc emanating from z = g along which /(z) —
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h. (B) is negative imaginary, where /1(z) denotes the analytic continuation of & (z) from
[pp- to Dg \Toes g, and within Dg we choose I's_, 4+ to agree with that arc. We also choose
the image under ¢ = ¢z of I'y 5 N Dg to lie on the negative real axis, and that of Af s Dg
to lie on the ray arg(¢) = £37.

The two maps z +— ¢,(z) for p = a, B are conformal near z = p because these points are simple
roots of 1(z)?. If we define

(2.158) P(z) := O(z;x, T, M)e 2M0% 2z c D,
and
1.
—aiMPHABi 2 € Dy, T z)) >0,
(2.159) P(z) := O(z x, T, M) ¢ . ' pr Imlgp(2))
e 2IM@=Axis -z € Dy, Im(gp(2)) <0,

then the jump conditions satisfied by P(z) in both disks can be approximated universally by the
same formulee; namely we have

e_g?;/z
(2.160) P.(z) = P-(z)(1+0(e™M)) lé ) ] arg(Z) = 0,
(2.161) P.(z) = P-(2) (T1+0(e™)) L;/z (1’] arg(() = i%”,
and
(2.162) P.(z) = P_(2) [_01 é] arg(—{) = 0.

Here { = M %q)p(z) forz € Dy, p = a,B, and to define the boundary values all rays are taken
with orientation in the direction of increasing real part of ¢ (this matches the original orientation
within Dg but reverses the orientation within D,). The error terms are uniform for z € D, and
they vanish along the indicated ray in the limit { — 0. Defining a matrix function P°"(z) for
z € Dy (resp., for z € Dg) by an analogue of the formula (2.158) (resp., of the formula (2.159)) in
which O(z; x, T, M) is replaced with O°%(z), we see that P°"!(z) is analytic within D, except along
the arc where ¢,(z) < 0, and where P°"(z) satisfies exactly the jump condition (2.162), and that
P°U(z) blows up like a negative one-fourth power at z = p. Therefore, the matrix function

9 111 —i
2.163 Y,(z) = PO(z)V g, (2) 1%, zeD, V:i=—
2163) () 1= B2V g, (2) Vel L]
has a removable singularity along the arc ¢,(z) < 0 and hence is analytic in D,. Letting A({)
denote the standard Airy parametrix analytic for Im({) # 0 except across the rays arg({) = +37,
satisfying jump conditions given in (2.160)—(2.162) with the error terms neglected, and satisfying

the normalization condition

(2.164) AV 3% =1+
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(i.e., A(() is the unique solution of Riemann-Hilbert Problem 4 of [10], for instance — see [10,
Appendix BJ for full details), we then define a parametrix for O(z; x, T, M) within Dy, p=u,p by
setting
(2.165) O%(2) 1= Yo (z) M 6B A(M3 gy (z))e?™9% 2z € D,,
and
LM(¢p+A)o3:—03

. 2 ’ € D ’ I > 0/

(2166)  OP(2) = Yp(z)M b AM3gp(2)){ i"®, z¢€Dg Im(gp(2))
e2iM@-A)zi=03 -z € Dy, Im(gp(z)) <O.

2.9. Global parametrix and error estimation. Let D;, denote the Schwarz reflection in the real
axis of the disk D, p = a, . We define a global parametrix for O(z; x, T, M) by setting

p

0%(z), z € Dy,
0f(z), z € Dg,
(2.167) O(z) := { »O%(z*)*0n, z € D,
00f(z*)*0y, z € D},
ocut(z), z € C\ (Da UDg U D; U Dy),

which globally satisfies Schwarz symmetry in the form (2.5). The corresponding error is defined as
E(z) := O(z; x, T, M)O(z) ! wherever both factors make sense, and it also is Schwarz symmetric.
Since O(z; x, T, M) and O(z) satisfy the same jump conditions across the arcs I',_,5 and Ig:_,,-
both within and exterior to the disks D, and D; for p = «, B, E(z) can be defined on these arcs
so as to be analytic there. On the parts of the arcs I'ys—a, Tpp+, Af pr and Afi 8 lying outside
of all four disks, O(z) = O°"(z) is analytic and bounded, and Im(h(z)) € (—1+¢,1 — €) holds
on these arcs for some € > 0 independent of M. It follows that on these arcs the boundary values
of E(z) are related by E, (z) = E_(z)(I 4+ O(e ™)) as M — +o0. On the arcs of T a, Igpe,
Af pr and A;tj) P within the four disks, both O(z; x, T, M) and O(z) have jump discontinuities.
Using (2.158)—(2.159), (2.160)—(2.161), and (2.165)—(2.166) one can check that on these arcs within

Dy, p = a, B, we have
(2168) Ey(z) = E_(2)Y,(z)M ®A(M3g,(2)) (11 + O(e*‘*M))A(M%(pp<z))*1M%Uw,,(z)*l.

But since the holomorphic factors Y, (z) have unit determinant and are bounded independent of
M in D,, and since A({) has unit determinant and satisfies A({) = O(|¢ i) as  — oo according
to (2.164), it follows that E, (z) = E_(z)(I + O(M3e*M)) holds uniformly on these arcs in D,
and Dg. By Schwarz reflection symmetry of E(z), the same holds in D; and ng. Finally, on
the boundaries of all four disks, taken with clockwise orientation, it follows from the definitions
(2.163), (2.165), and (2.166), and from the large-{ asymptotic property of A({) given in (2.164) that
E,(z) = E_(z)(T 4+ O(M™1)) holds on these circles.

From these arguments, it follows that if the jump matrix for E(z) on its jump contour X is
denoted by VE(z), so that E. (z) = E_(z) VE(z) for z any non-self-intersection point of £ (so that
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the boundary values are well-defined), then
(2.169) sup |[VE(z) =TIl =O0(M™), M — +oo.
ZEXE

Since E(z) is analytic for z € C \ Xg and E(z) — I as z — oo, appealing to standard small-norm
theory for Riemann-Hilbert problems then shows that E_(¢) — T = O(M™!) holds in the L?(Xg)
sense, and therefore also that

lim 2En(z) =~ [ En@VE© &0 5 [ En@B© -1 &
1 1
(2.170) - o /ZE Vi(§) 46— 5o /ZE(E"“@ ~DV5(0) d¢
1

27 /ZE E_12(0)(V5(0) — 1) dg
- O(M_l)/ M — 400,

where we used the Cauchy-Schwarz inequality and the fact that (2.169) implies that also Vg(¢) —
I =0O(M!)in L?(Xg) because X is compact.

Recalling (2.116) and using the fact that O1»(z; x, T, M) = E11(2)O12(z) + E12(2)O(z) and that
O(z) = O°"(z) holds for |z| sufficiently large, we appeal to (2.170) and the limits E;1(z) — 1 and
O$5t(z) — 1 as z — oo to obtain

MY (M), M*T; G(e72M, /1 — e~4M)) = 2i lim z[E11(2) 083" (2) + Er2(2) 085 (2)]

(2.171) )
=¥Y(x,sM)+0(M1), M— +oo,

where ¥ (x, T; M) is defined in terms of the outer parametrix by
(2.172) ¥(x, ;M) := 2i lim 209%"(z).
Z—r00

2.10. Properties of ¥ (), T; M). In this section we obtain differential equations for ¥ (), T; M) (Sec-
tion 2.10.1), estimate some of the coefficients in these equations (Section 2.10.2), use these results
to compute the L2-norm of ¥ (x, T; M) (Section 2.10.3), and derive the explicit formula (1.19) for
|¥ (x, T; M)|? (Section 2.10.4).

2.10.1. Lax equations. Consider the matrix
(2.173) L(Z,‘ T, M) — Oout(Z>e—iM(h(Z)+ZZ*1)U’3‘

Note that /1(z) + 2z is analytic for z € C \ (I, UTp 5 UTps4+) and satisfies hi(z) + 2z =
xz+ 1224+ 0(z ') asz — co. Since hy (z) + h_(z) =2i+¢forz € Typ hi(z) +h_(z) = =2i+¢
for z € Tg«y4+, and hy(z) —h_(z) = A for z € T's_-, it follows that L(z; x, T, M) is analytic for
z € C\ (Tyyp UTgeo+) (one checks that Ly (z; x, 7, M) = L_(z x, T, M) for z € I's_,4- and applies
Morera’s theorem to deduce analyticity on the interior of I's_,4:), and that the jump conditions on
Iypand T'g:_,,- are independent of (x, 7) € R*:

0 e 2M4iMz™!

(2174) L+ <Z; X7, M) = L—<Z; X7, M) eZMe_4iMZ*1 0 , ZE€ rtx—)ﬁ/
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and
0 _eZMe4iMz*1
(2.175) L.(zx,t,M)=L_(zx 1, M) o 2Mg—4iMz"] 0 , ZE€Tp .

Also, since h(z) is bounded at the four points «, B, a*, B*, L(z; x, T, M) inherits from 0% (z) the
property that it has at worst negative one-fourth root singularities near each of these points. Fi-
nally, since ¢(z) = O(z!) asz — oo and h(z) = (z; x, T) + g(z), from (1.11) it follows that

(2.176) (z X T, M <H+ Z L X/T M ) —iM(xz+7122%)03

holds for |z| sufficiently large, where the series is convergent as well as asymptotic as z — c0. One
can also check that L(z*;x,T, M) = 02L(z; x, T, M)*02. Now, ¥(x, T; M) defined by (2.172) can
also be represented in the form

(2.177) ¥(x, ;M) = 2L} (x, T; M) = —2iLy) (x, T; M)*,
where the second equality comes via the Schwarz symmetry of L(z; x, T, M). These properties of
L(z; x, T, M) show that

oL oL

2.17 X:=_—L"" T:=_—L"
(2.178) o and 57
are analytic functions of z for z € C \ {«, B, a*, B} with asymptotic expansions

X = —iMzos — iM[LY, 03] + O(z71)

(2.179)
T = —iMz205 — iMz[LY, 03] — iM([L?, 03] — L1, s L)) + O(z7)

as z — oo. If o, B, a*, B* were independent of (x, T), then X and T would be entire and hence by

Liouville’s Theorem they would be polynomials in z. However the dependence of these quantities
n (x,7) via the Whitham equations (2.55) implies that X and T have simple poles at all four

branch points, so for certain residue matrices X () and TP) depending on (x, T; M) we can write

X(»)
X = —iMzos —iM[LU, 03]+ )
p=apaprZ P
(2.180) 0
T = —iMz%03 — iMz[LY, 03] — iM([L?, 03] — LW, s L)+ Y .
p=apaprZ P
To determine the residues, note that for z in a neighborhood of T, 5 we may express L(z; x, T, M)
in the form
_1 N
z—a\ 31 1 je~2MgdiMz
(2.181) L(z;x, T, M) = Y(z; x, T, M) <z—,8> 2 LeZMe—4iMz1 1 ’

where Y(z; x, T, M) is analytic for z in a neighborhood of T, g and where the power function is
cut on T'y_,5 and tends to 1 as z — co. Now, a(x, T), B(X, T), and Y(z; x, T, M) are differentiable
with respect to (), T) on the region x > x.(7), and in particular derivatives of Y(z; x, T, M) with
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respect to (x, T) are analytic in z near I', 4 as well. It then follows from (2.178) that

X@ = L% o (w7, M)osY (asx, T, M)~
4 9x
T@W = 1a—(x()(, T)Y(a; x, T, M)os Y (a; X, T,M)_1
49071
(2.182) i
X =~ ¥(BixT M) X (Bm M)
® _ _19P -1
T = _Eg()(/ T)Y(;B;X/ T, M)U3Y(;B;X/ T, M) ’
and by Schwarz symmetry (i.e., from Oout(z*)* = Uzéout(z)az) we have X(?") = »XP)*¢, and

T#) = ¢ T(P*o, for p = a, B. With X and T determined from L in this way, rearranging the
definitions (2.178) yields a Lax pair of differential equations for which L is a fundamental (as
det(L) = 1) solution matrix:

L oL

2.1 XL — =TL
(2.183) o and 57 ,
and hence the zero-curvature condition

X oT
2.184 — — —+[X,T| =0
(2.184) 5oy tIXT]

holds. If a, B, a*, B* are fixed, then the pole contributions vanish from X and T, and (2.184) becomes
equivalent to the scaled focusing nonlinear Schrédinger equation (1.20) on ¢ = ¥ (x, T; M). Since
these points are not fixed, ‘T’( X, T; M) satisfies instead more complicated equations, one of which
we use in Section 2.10.3 below to calculate the L2-norm.

Combining (2.173) and (2.181) allows the residues to be expressed directly in terms of O°%(z)
and h(z), although since O°"(z) is undefined at the branch points, the evaluations at z = «, 8
must be replaced by limits:

1
4oy

(x,T) ;i_r&N(z;X,T,M), X = —la—ﬁ(x,f) lim N(z; x, T, M),
z—p

(@)
(2.185) X 1oy

and similarly for T(*#), wherein
N(zx, T, M) : = Y(zx,T,M)o3Y(zx, T, M)~}

(2.186) 0 jo—2M—2iMh(z)

_ Qout qout () —1
= 0%"(z) _j2M+2iMh(z) 0 0°(z)~

Although it must be true from the first formula for N(z; x, T, M) in terms of Y(z; x, T, M), which
has unit determinant and is analytic near I'; 4, one can directly confirm from the second formula
that N(z; x, T, M) has no jump across either ['ysp or Ig_,5. Now notice that, since h(e) =i+ %gb
is well-defined and /' (z) = O((z — 8)z)asz — a, reality of ¢ = ¢(x, T) yields e=(M+2iMh(z)) —
e*iM? | O((z — «)3). Then, since O°"(z) has unit determinant and satisfies O°(z) = O((z —
§)"i)asz — x, we get N(z; x, 7, M) = N@(z;x, 7, M) + O(z — &), where

0 je M9

(2.187) N®(zx,7, M) = 0°“t(z>[ Mo ]é"“f(z)l.

—ie
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One can check directly that N(*)(z; x, T, M) is analytic for z in a neighborhood of a. Hence in the
expression for X in (2.185), N(z; x, T, M) can be replaced with N(@ (z; x, T, M). Similarly, using
the fact that the boundary values taken by h(z) atz = Bon T, UTg g are hi(B) =i+ 3¢ £ 34,
we get N(z; x, 7, M) = N (z; x, 7, M) 4+ O(z — B) as z — B, where

0 ie”!

2.188 N®) (z; x, T, M) := O (z o
( ) (zx ) (z) _jeiMpEiMA 0

where the top/bottom sign indicates that z lies on the left/right side of I', ,g UT's_,5- near z = B.
One can also check that N(#) (z;x,T,M) extends to T, _, pUTl'g_,p- as an analytic function of z near
z = B. In the expression for X(#) in (2.185), N(z; x, T, M) can then be replaced with N(®) (zx, T, M)
provided the limit z — B is taken from the correct side of the jump contour corresponding to the
top /bottom sign.

2.10.2. Estimates of the coefficients. In Section 2.10.3 below we will need information about the (op-
posite) diagonal elements of the matrices X(*) and X(#), and in particular we need to estimate Nz(g )
for p = a, B. In the notation of Section 2.7, we have

iFP(z)FOP(z)
gt (o0;zg, —iIMA)q T (00; 29, iMA)
(97 (220, -IMA)q~ (2520, —IMA) — g7 (2;20,iMA)q ™ (2; 20, iMA))

2189) N&¥(zx, 7, M) =

and

iFP(z)FOP(z)
g+ (00; 2, —iMA) g+ (0; 29, iMA)

: (eiiMAq+ (z;20, —iMA)q~ (z; 20, —iMA) — eTMBg™ (2, 20,iMA) g~ (z; 20, iMA)),

(2.190) Nz(f) (zx, T, M) =

where again the top /bottom sign indicates that z lies on the left/right of the jump contour I'y g U
['g_,p- near z = B. The common z-independent denominator can be simplified using (2.143) with
n = —1and np, = 1 and (2.146) in (2.147):

, , O(H +iMA; H)O(H — iMA; H)  ©(iMA; H)?
+ M — + M = =
(2.191) g7 (00;z9, —iIMA)g™ (00; 29, iIMA) O(H; H)2 ©(0;HE

where in the second equality we used the identities (2.145). To evaluate (2.189) in the limit z — &,

we may first use (2.125) to obtain
1
: .:rD OD —— % o
(2.192) lgr}‘R(z) iF”(z)FY"(2) 4(oc ") (B —w).

Next, using A(a) = 0in (2.147) and Taylor expansion about z = « gives

(2.193) gt (z;z0, —iMA)g ™ (z;20, —iIMA) — g (2;20,iMA)q ™~ (2; z0,iMA)
O(xy — iIMA; H)O' (x4 +iMA; H) — @' (x — iMA; H)®(x, + iMA; H)

=2
O(xy; H)?

A(z) + O(A(2)?)
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as z — «, where x, := A(zo) + K and the first identity in (2.145) was also used. From (2.139) we
then obtain

. A(z) mi o d ([ dZ 2_ 47ti
@154) IMRE) T Lihd ( . R(z'>>  La—a)(@—p)(a—p)

Therefore, combining (2.192), (2.193), and (2.194) shows that if x, := A(zg) + I, then

271i0(0; H)?
 Ly(ax — B)O(IMA; H)?
O(x, — iMA; H)O' (x4 +iMA; H) — @ (x, — iMA; H)O(x, 4+ iMA; H)
O(x4; H)?

Likewise, to evaluate (2.190) in the limit z — B, we start from the analogue of (2.192):

@) _
(2.195) l1_>ma Ny (z;x, T, M) =

(2.196) lim R(z) - iFP(2)FOP () = }I(ﬁ _B)(B—u).

z—PB

Next, from (2.138) and (2.139) we find that AL (B) = j:%H, where the subscript denotes taking a
limit from the left (+) or right (—) side of 'y ,5 UTs ;5. Since we know that Nz(g) (zx, T, M) is
analytic in z at z = B, without loss of generality we may agree to take the limit z — B in (2.190)
from the left side, taking the top sign therein. Hence, using (2.147) and Taylor expansion about
z = f recalling the automorphic identities (2.145),

(2.197) eMAq7(z;29, —iMA)q ™ (z; 20, —iMA) — e MBgT (2, 29,iMA) g™ (z;20,iMA)

— 2 e e O L) (a(z) - ()

+O((A(z) — A(B))°),

asz — B, where X3 := A(zo) + K + 5H. By the third identity in (2.145), the same formula holds if
Xp is replaced with xg := X3 — H = A(z) + K — }H. Then again taking the limit from the left,

(2.198) lim A3 — A _ mid </z dz’ 4
B

2
=p  R(z)  Ladz R(Z’)> T L) (B—a)(B-p)

Combining these results then shows that if x5 := A(z9) + K — 1H, then

. 27i@(0; H)?
2199) Tim R (5 _ /
(2199) lm Npy (z0 T M) = T = e (iMa; H 2

@' (xp +iMA; H)®(xg —iMA; H) — ©'(xg —iMA; H)®(xp +iMA; H)

@(xﬁ; H)Z
We notice that the denominators in (2.195) and (2.199) involve related products (« — p*)I4 and
(B — a*)14, where [ 4 was defined in (2.129). Since 14 is positive imaginary, these are related by

complex conjugation. Moreover, recalling (2.138), we have the following result:

Lemma 2.6. In the limit x | x.(7), we have H 1 0 and

1 1 *
(2200 @A~ [(ﬁ—a*)lﬂ = O(H),
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while in the limit x 1 400 we have H |, —oo and

1 1
(2.201) =

(& — B*) 14 [(5—“*)1,4]* =0(1).

Proof. For the limit as x | x.(7), we note that Iz has a finite strictly negative real limit, while
x—p* — ¢—¢" = 2Im(E) # 0. Therefore multiplying by 1 = I/Ig and using (2.138) (which
also shows that H 1 0 in the limit because I 4 blows up logarithmically in | — «| as in the proof of
Lemma 2.5) proves (2.200).

For the limit as x 1 +oco, we recall that « and § both tend to zero in this limit, and in fact
x2a — —/2while 2B — v/2. In particular, & — B* = 2/2x~2(1+0(1)). By the scaling z = x 2w
in the definition (2.129), one then also sees that )(_% I 4 has a finite nonzero limit while )(_% I3 blows
up as x T +oo (and hence H | —o0). Again, see the proof of Lemma 2.5 for further details. This
proves (2.201). O

Since zg € R, it is not difficult to show that Im(A(zg)) = —37, which in view of (2.146) and
H < 0 implies that x, and xg are both real. Also, since to compute Re(A(zp)) from (2.139) we
may integrate R(z) ! between two points on the real line, the corresponding integral is bounded
in absolute value by |3/, so using (2.138) we see that |[Re(A(zp))| < —H > 0. Hence using (2.146)
shows that %H <x, < —%H and H < xp < —H. Using this information, we now wish to estimate,
forx = x4, x5 € R,y = MA € R, and H < 0:

O(0;H)? @ (x +iy; H)O(x —iy; H) — ©'(x — iy; H)O(x + iy; H)
O(iy; H)? O(x; H)?

(2202) T(H):= sup
SH<x<-3H
yeER

Lemma 2.7. T(H) is a continuous function of H < 0 that satisfies

(2.203) T(H)=0(1), H| —o

and

(2.204) T(H)=0(H™'), H?O.

Proof. We give a proof in Appendix A. O

Combining Lemma 2.6 and Lemma 2.7 we obtain the following result:

Proposition 2.8. For each T € R, lim,_,, Nz(g) (z;x,T,M) and lim, g Nz(g) (z; x, T, M) are bounded
uniformly with respect to M > 0 and x > x.(7).

Proof. It only remains to explain that the bounds on x in the definition of T(H) are sufficient to
guarantee that %H < x, < —%H and H < xg < —H as needed for consistency with the value of
A(Zo). ]

In Section 2.10.3 below we will also need to estimate the quantity Oglz] (x, T; M) defined by

5 [1] . R P Sout(\ _
(2.205) Oy (X, T M) = Zh_I)’EIOZ(OZQ (z) —1).
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Since FP(z) = 1+ O(z72) as z — oo, and since using R(z) = z? 4+ O(z) in the same limit gives
2 (7 d7 2mil 5

combining (2.147) with (2.157) gives

< 27 [@'(A(o0) + A(zo) + K; H)  O'(A(c0) + A(z0) + K +iMA; H)
2207) O (x,T; M) = == S 2.
(2207) Op(xvwM) =T [@(A(oo) FA(z0) £KGH)  O(A() + Alzo) + K +iMA; H)
Using A(o0) + A(zo) = 1H — it together with (2.146), and applying the first and third identities
in (2.145) we arrive at

27 © (iMA; H)
L4 ©(GMA;H)

9

(2.208) O (x, 7; M) =

We then have the following:

Proposition 2.9. For each T € R, ng (x, T; M) is bounded uniformly with respect to M > 0 and x >

Xe(7).

Proof. Since the denominator is nonzero for each x > x.(7) and the expression (2.208) is 27t-
periodic in y := MA € R, it suffices to examine it as a function of y € [—7, 77| and determine its
behavior in the limits x | xc(7) and x T +co.

As in the proof of Lemma 2.6, one sees that H + 0 and I ;' = O(H) as x | xc(t), while H | —oo
and 121 — 0 proportional to x "2 asx T +oo. Then, as in the proof of Lemma 2.7, one checks using
dominated convergence applied to (2.144) that @' (iy; H)/©(iy; H) — 0 as H | —co uniformly for
y € R, and that (A.24) implies in particular that @' (iy; H) /@ (iy; H) = O(H™!) as H 1 0 uniformly
fory € R. O

2.10.3. L2-norm. A consequence of the expansion (2.176) and the Lax equations (2.183) is the pair
of identities

oLl -

T (o M) — 2MLY (& ML (M) = X (7 M)
(2.209) X

oLl -

T;z(x, T M) + 2iMLY (x, T )L (x, T M) = X5, (x, T; M),

where X[=1 (x, T; M) denotes the coefficient of z~ ! in the Laurent expansion of X as z — co. From
(2.180) we see that

22100 XU, M) = X@ 4 xB) 4 x@) 4 xB) = X@ 4 X 4 gy X @0y 4 X Py

Using (2.177) and the fact that the traces of LY and of the four residue matrices vanish, we deduce
the two equivalent formulee

) i [or! .
!WmnMWZZTB;QJMQ—Hm@Q+X9)

M

(2.211)

|52 (0t M) = 2iim (X33 + x38)

2i [9Ly,
IxX
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Now combining (1.11), (2.17), (2.173), and (2.176) shows that
(2.212)
(1] . — 1 . iM(xz+tz%)o3 _
LY (x, M) = ZIL)HC}OZ(L(Z/X/T/M)G 3 ]I)

= lim z ((v)ou"(z)e*ng(z)‘T3 - ]I)

Z—r00
= }1_{202( 1+ z'O0M(x, ; M) + O(z‘z)) (1[ —iMg(x,T)z to3 + O(z‘2)> - ]I)
= O0M(x, ;M) —iMg1(x, T)03,
where Ol(x, T; M) is the coefficient of z~! in the Laurent expansion of O°"(z) as z — oo, and

(2.213) 81(x, ) = lim zg(z)

which is well defined because g is analytic for large z and g(z) — 0 as z — oo. Integrating (2.211)
in x from x.(7) to +oo for fixed 7 therefore gives

(2.214)
Ty 2 2i (50 5(1]
/xm ¥ (x, ;M) dX:281(+°°rT)_2g1(Xc(T)/T)_M(Ozz(+°°/T}M)—Ozz (xe(T), T M)
4 e
i /X . Im(Xg3 + X35) dx.

Here, the terms on the first line of the right-hand side are understood to refer to the limits x | xc(7)
and x T +o0.
First, we apply Proposition 2.9 and obtain in the limit M — oo,

(2.215)

T g 2 4 [t (@) (B) 1
[ 1¥GumM)P dy = 251(+00,7) = 281 (xe(1), 7) — o [ Im(Xfy + X)) dx + oM7),
Xe() M Jxe(v)

Next, we use (2.185) and N(z; x, T, M) = N@W(z; x,7, M) + O(z — &) = NB)(z; x, 7, M) + O(z — B)
on d
) g

and apply Proposition 2.8 to get
dx+ [
+ / o
Ix AT o ox

i @ , x(p) i

/ Im(X5," + Xp) dx| =0 /
Xe(T) Xe(T)

From Lemma 2.5 it follows that the bound on the right-hand side of (2.216) is finite, and it is

independent of M. Consequently we obtain from (2.215) that

(2.216) (X, 7)

d}(), M — oo.

(2.217) /;(: ¥ (T M)? dx = 2g1(+00,7) = 281(xc(7), T) + O(M™'), M — co.
To finish the calculation, we will compute g1 (x, T), by first noting that

(2.218) ¢2) =g,z +0(z?) = ¢(2)=-a(x, 1)z 2+0(z3), z— .

Now combining (1.11), (2.17), and (2.25), we get

2 _ 2
(2.219) g1(x, 7) = — lim 2°¢'(z) = — lim 2* 2zt x-TA

Z—>00 Z—>00 Zz

R(z) — (x + 21z +2272)|,



52 DENIZ BILMAN AND PETER D. MILLER

where we recall that R(z) = z% + O(z) as z — o0 and R(z)? is given by (1.13). It follows that also
(2.220)
1 1 (84 (T2A — x)?A) (8 — (T2A — x)?A)
— 24 = (2N —
R(z) =z +2T}\z+4(rA XA+ S(72A — 1)
Using this in (2.219) gives the explicit (in terms of the solution A = A(x, T) of the integral condition
f(A; x, T) = 0) formula

2714+ 0(z7?), z— oo

(2(T°A = x)® + x(T?A = x)* = 87%) (8 + (T°A — x)*A)

(2.221) s1(x,7) = 4(T2A — x)3 :
For the limit x | x.(7), we the parametrization of (), 7) by (2.15) and of A by (2.16) to get
(2.222) 21(xc(1),7) = lim g1(x,t)=0.

Xdxe(T)

To calculate g1 (x, T) in the limit y — +oco we use instead the representation A = 2(4 — %) x 2 with
52 =0( X*%) according to (2.69) in the proof of Lemma 2.5. Substituting into (2.221) then gives
(2.223) 21(400,T) = XLHEoo alx, ) =4

Therefore, we have shown that
(2.224)

+ -
/ ¥ (x, 7; M)[2 dy = 2g1(+00,7) — 241 (xc(T),T) +O(M™1) =8 + O(M™1), M — +co.
X

(7)

This completes the proof of (1.21) in Theorem 1.4.

Remark 2.10. This approach would appear to be an alternative to the more direct one based on
integration of the formula for [¥(x, t; M)|? given in (1.19). Noting that the dependence on M
in (1.19) enters through the argument of the Jacobi elliptic function sn?(o;m) which is rapidly
varying for large M, one could perhaps pass to the limit M — +oo by replacing it with its period
average, which is (sn?(o;m)) = (K(m) — E(m))/(mK(m)). Then, to establish the same result it

would remain to prove that

—+00

225 [ |(m(a(, 7)) + m(Bx, )

K(m (x, 7)) — E(mi(x, 7))
ma(x, T)K(m1(x, 7))
where my (), T) is defined in terms of « and by (1.17), given the rather implicit characterization

—4Im(a(x, 7)) Im(B(x, 7)) dy =38

of « and f as functions of (x, 7). In fact, we may regard the above arguments as an indirect proof
of this identity.

2.10.4. Explicit formulee. Using the definition of the outer parametrix obtained in Section 2.7, we
have

,iM(Pq_(OO;ZOr_iMA) : OD
g+ (00; 20, iMA) Jim zF~(2)

. ~imgq (00,20, —iMA)
= i(Im(B) — Im(a))e Mg gt (o0; 2o, iMA)

Y(x,T; M) = 2ie
(2.226)
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in which the final ratio is given explicitly by
g~ (00;z9, —iMA)  O(A(o0) — A(zg) — K +iMA; H)O(A(c0) + A(zg) + K; H)
(2.227) , = : ,
gt (o0;2p,iMA) O(A(0) — A(zg) — K; H)O(A(o0) + A(zp) + K —iMA; H)
where zj is defined by (2.126).
Our aim in this section is to express |¥(x, T; M)|? explicitly in terms of Jacobi elliptic functions

with elliptic modulus m defined in Section 2.7. Note that the modulus m is the one most naturally
associated with the spectral curve underlying the outer parametrix OOUt(z) via the integrals I,
and I, and the associated Abel mapping A(z). In order to achieve this goal, it is first necessary
to express the formula in (2.227) in terms of theta functions for the doubled parameter Hy := 2H
using the identity (see [22, Eqn. 20.7.14] and [22, Eqns. 20.2.10 and 20.2.12])

(2.228) O(wy; H)O(wy; H) = O(w; + wo; 2H)O (w1 — wo; 2H)
+e2He @ (wy + w, + H; 2H)O (w1 — wo + H; 2H).
Using this result as well as (2.146) and ©(z + 27i; ) = O(z; -), the numerator of (2.227) becomes
(2229) O(A(w0) — A(zg) — K +iMA; H)O(A(o0) + A(zo) + K; H)
— @(2A(c0) +iMA;2H)O(—2A(z0) — H + iMA; 2H)
— M)~ AG)HMAQ (2 A(00) + iMA 4 H;2H)O(—2A(29) +iMA; 2H).

Likewise, the denominator of (2.227) becomes

(2.230) ©O(A(c0) — A(zg) — K; H)O(A(0) + A(zp) + K —iMA; H)
= O(2A(00) —iMA;2H)O(—2A(z0) — H +iMA; 2H)
— M) =A@ (2A(00) — IMA + H;2H)O(—2A(z9) +iMA; 2H).
According to (2.143) with n; = —1 (mod 2) and n; = 1 (mod 2), we may replace A(zp) with
—A(c0) — im + 1 H in the right-hand sides of (2.229)~(2.230) up to an ambiguity that cancels be-
tween the numerator and denominator due to the identities (2.145). Therefore, with the shorthand
w :=2A(o0) and Op(-) := O(+;2H),
_(oo,' Z0, —iMA)
g+ (o0;zg,iMA)
_ Op(w +iMA)Oy(w + iMA — 2H) + e“HMA—3H@y (10 + iMA + H)®(w 4 iMA — H)

O (w — iMA)Og(w + iMA — 2H) + e*~ 210y (w — iMA + H)®y(w + iMA — H)

Then using (2.145) to shift arguments of four factors by —2H,

2.231) 1

~(00; 29, —iMA)

q
(2.232) 7" (00320, IMA)

O (w + iMA)? + eV HMAT3H@ (w + iIMA + H)?
O (w — iMA)Og(w + iMA) + e+ 2H@(w — iIMA + H)®g(w + iMA + H)
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Now observe that for w = 2A(c0) we have Im(w) = —im. Therefore because H is real, @ (w —
iMA) = Og(w* +iMA)* = Op(w +2mi+1iMA)* = Og(w +1MA)*. Similarly, Og(w —iMA+ H) =
©o(w 4+ iMA + H)*. For the same reason, e“t2H < 0. 1t follows that the denominator is real.
Therefore, the square modulus of the quantity in (2.232) is (squaring the denominator and mul-
tiplying the numerator by its complex conjugate @ (w — iMA)? — e IMATH@ (w — iMA + H)?)

g~ (00; 29, —iMA) 2 1+ ew—HMA—i—%H(P%F + ew—iMA—i—%H(PE + 2o tHg? p2

2.233 : =
(2.233) 7+ (093 20, iMA) 14 20w Hg ¢ 1 20 HgR g2
where
_ @(w+iMA+ H)
(2.234) P+ = @y (w £ IMA)

Now, since the modular parameter in @ is 2H = —27K(1 — m) /K (m), the theta ratios ¢+ can be
expressed in terms of the Jacobi elliptic function sn(-; m) by the following identity:

O(W+H;2H)  _1,5O(—H;2H) K(m) .
(2.235) —ew2H) e 2 ©(0; 2H) sn —— (W —im);m |.
Therefore, defining a constant ¢ > 0 by
_inO®(—H;2H)

(2.236) o=e2 ©(0;2H)2 '
we have

. . 2

g~ (00;zg, —IMA)
2.237
(2237) ‘ gt (00;z9,iMA)

17T

(1 + (Tsn2<]Ki(7T)(w +iMA — in);m>) (1 +(fsn2<]K,(m) (w — iMA — in);m>>
(1+Usn<]K'(m>(w—|—iMA—in);m)sn(K,(m)(w—iMA—in);m>>2 |

in i
Now we may write w = 2A(o0) = 5 — it with # € R. Using the identity sn(u — 2K (m); m) =
—sn(u; m) gives

2

o [Lfoze
<1 + osn? (Hi(:)(q +iMA); m)> (1 + osn? <]Ki(:) (7 — iMA); m>>
: (1 +0’SH<]Ki<:) (17+iMA);m>sn(]Ki(:) (n —iMA);m>)2 |

Combining the addition formula [22, Eqn. 22.8.1] with Jacobi’s imaginary transformation (see [22,

§22.6(iv)]), we have

—isc(u; 1 —m)en(v; m)dn(v; m) + sn(v; m)nc(u; 1 — m)de(u; 1 — m)
1+ msc?(u; 1 — m)sn?(v; m)

(2239) sn(—iuto;m) =

7
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and for real u,m and 0 < m < 1 the denominator is strictly positive. Using also the trigonometric

identities

en?(v;m)dn?(v;m) = 1 — (1 + m)sn?(v; m) + msn*(v; m)
(2:240) nc? (w1 — m)dc® (w1 —m) =1+ (14 m)sc®(w;1 — m) + msc*(w;1 — m),
we obtain
(2.241) q*jgoo; 20, —'iMA) 2 _ Asn*(v;m) + Bsn?(v;m) + C’

gt (o0;z9,iMA) (Dsn?(v;m) + E)?
where

A= (—c+ms(u;1—m))?, C:=(1—os*(u;1—m))?
(2.242) B := 2mosct (u; 1 — m) + 2(m + 20 + 2mo + 0?)sc®(w; 1 — m) + 20,
D:=—c+msc*(w;1—m), E:=1-—0sc*(w;1—m)

and
(2.243) U= lKng)U’ 7 :=Re(2A(c0)), bv:= ]KETm)MA.

Note that A = D? and C = E2. Therefore, adding and subtracting 2DEsn2(n ;m) in the numerator
gives

2
(2.244) =1+

g~ (00; 29, —iIMA) 40(1+sc?(w; 1 —m)) (1 + msc?(w; 1 — m))sn?(v; m)
g+ (00;z0,iMA) (Dsn?(v;m) + E)? '

To further simplify, we can use [22, Eqn. 20.9.1] and (2.236) to obtain simply ¢ = +/m. Thus,

D = —/mE, and hence

(2.245)
‘q(oo; 20, —iMA) |? 14 4y/m(1+sc?(w;1—m)) (1 +msc?(w;1 —m)) . sn?(v; m)
q*(00;z0,iMA) | (1= /msc2(u;1—m))?2 (1 — /msn?(v;m))2

Using sc(u; 1 — m) = sn(u;1 —m)/cn(u; 1 — m) and sn?(u; 1 — m) + cn?(u; 1 — m) = 1, this can be
rewritten as

g~ (00320, —iMA)|* _ 4y/m(1— (1—m)sn?(;1—m)) sn?(v; m)

gt (c0;z0,iMA) | (1— 1+ m)sn2(w;1 —m))2 (1 —/msn?(v;m))?’

To further simplify, observe that upon combining the definition of u and # given in (2.243)

(2.246) ‘

with the definition of A(o0) given in (2.139) and using the same affine transformation w = (z —
x)/p and fractional linear mapping (2.132) used to simplify I4, one can write u in the form u =
U(itan(36,)), where

dw

21— mwW2

For evaluation at { = itan(36,) we can integrate along the positive imaginary axis taking the

:
(2.247) u) =i /0 =

positive square roots of 1 — W? > 1 and 1 — mW? > 1. More generally, U({) admits analytic
continuation from the positive imaginary axis to the domain { € C\ [-1/+/m, 1/+/m]. Even more
generally, we may take { on a sheet of the Riemann surface R of y*> = (1 — {?)(1 — m{?) and
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admit arbitrary paths of integration on R in which case U({) is a multi-valued function of { € R
that is well-defined modulo integer linear combinations of the periods 4iK(m) and 2IK(1 — m).
Since sn?(u; 1 — m) is doubly periodic in u with periods 2IK(1 — m) (because sn(u; 1 — m) changes
sign upon u — u + 2K (1 — m)) and 2iK(m), it follows that upon composing u + sn?(u; 1 — m)
with { — u = U({) one obtains a single-valued function on R, analytic except from isolated
singularities coming from the poles of sn?(u;1 — m). In other words, { — sn?(U({);1 —m) isa
meromorphic function on R for each m € (0,1).

In fact, the restriction of this composition to one sheet of R defined by the analytic continuation
of the integral formula (2.247) from positive imaginary { to the domain { € C\ [-1/+/m,1/+/m]
is meromorphic on the {-sphere and hence a rational function of { € C. To see this, we let U4 ()
denote the boundary values on { € R from the half planes C.. Then, since the integrand is
integrable at { = oo, we have U, ({) = U_({) for { < —1/y/m and { > 1/y/m. If instead
—1 < ¢ < 1, then U ({) is calculated directly using the formula (2.247) while to compute U_ ()
we have to integrate from W = i0 to W = { — i0 along a path in the domain C \ [—1/+/m, 1/+/m]
yielding the identity

1/y/m dw
(2.248)  U.(Q) - U_(Q) = —2/1 T = K m), —1<<,
Therefore, if 7() := sn?(U(Z); 1 — m), then
F(Q) = sn3(U ()31 — m) = snd(U_ () — 2K(1 — m);1 — m)

=sn?(U-(¢);1—m) =7r-(¢), e (-11).

(2.249)

By similar calculations, one finds that

e dw 1//m dw
W (6) + U-(¢) _21/0 \/1—W2\/1—mW2+2/1 VW2 — 11 — mW2
= 2iK(m) +2K(1—m), 1<<1/vm,

(2.250)

and therefore, using evenness of snz( 51 —m),
r () = snd(U (€);1 — m) = sn(=U_ () + 21K (m) + 2K(1 — m); 1 — m)
(2.251) =sn?*(—U_({);1—m)
=sn*(U-(¢);1—m) =r_(0), € (1,1/vm).

Likewise,

(2.252) Uy () +U_ () = —2iK(m) +2K(1 —m), —1/vVm<Z< -1
implying that

(2.253) re(Q) =r-(0), ¢€(=1/vm, ~1).

To fully characterize the rational function r({) it remains to determine its partial fraction ex-
pansion. The poles of u +— sn?(u; 1 — m) are at the translations by lattice periods 2IK(1 — m) and
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2iK(m) of the point u = iK(m), where we have the Laurent expansion

1 1

(2.254) ST =) = TR )

+0(1), u—iK(m).

The only points mapped by ¢ — u = U({) to poles of sn?(u; 1 — m) are the points { = +1. Since
r(—¢) = r({) itis enough to work out the Laurent expansion of r({) near { = 1. Expanding U ({)
for ¢ < 1with 1 — { small yields

(2.255) U. () = iK(m) —i\/ﬁ VI=C+0(1-7)
Therefore, since 7({) := sn?(U({); 1 — m) is single-valued near { = 1,
Since r(—() = r({), we then obtain the partial fraction expansion

1 1
(2.257) @ =5 taron *C

for some constant C. Using the obvious identity r(0) = 0 then shows that C = 1. Consequently
the rational function at hand is exactly

2
(2.258) r(Z) :==sn?(U();1 —m) = gf_ T

(The result does not depend on the elliptic parameter 1 — m.) Since the value of u defined in (2.243)
requires taking { = itan(16,), we have proved the identity

tan(36,) £
tan(9)—|—1 142

(2.259) sn?(w;1 —m) =

where we have introduced the shorthand notation

(2.260) ty :=tan(36,) and tg:= tan(%f)ﬁ)

Using this result in (2.246) along with m = cot?(16,) tan?(165) = t% gives

2.261) 4ym(1— (1 —m)sn®(w1—m)) 4t tp(1+12)(1+13)
' (1—(1+/m)sn2(;1—m))2 (1 — tatg)?

Comparing with the trigonometric identity

4(1— /m)Im(a)Im(B) 4t 'tp(1+1)(1+£3)

(2262 @) ~Im(@)? (-ki?
we can write (2.246) in the form

g~ (00;29, —iMA) |* 4Im(a)Im(B) (1 — /m)?sn2(v; m)
(2269 7 (corzoiMA) | T {me) — Im(B)? (1 y/msn(o;m))?

Going back to (2.226), we have shown that

B 2612 (1
(2.264) ¥ (x, ;M) = (Im(a) —Im(B))? + 4Im(a)Im(B) - 8 - ﬁﬂnf%@
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Some calculus shows that as sn?(v; m) varies in [0, 1], so also

(1 — /m)2sn2(v; m) € [0,1],

(2.265) st (om])? 0<m< 1.
Therefore, as v varies for fixed («, ),
(2.266) (Im(a) —Im(B))* < [¥(x, M) < (Im(a) +Im(B))*.

Actually, a simpler formula for |¥ (), T; M)|? can be obtained via a Landen transformation in terms
of a less-natural elliptic parameter

4ym 4 cot(56,) tan(36) _ sin(6y) sin(6p)

(2.267) MU A Vm)? T (1t cot(10,) tan(105))2  sin?(1(6, + 05))

7

and variable

(2.268) by = ]K(:l) (MA + 7).

Note that, like m, my varies in [0,1] from m; = 1 at x = x.(7) (because there « = B = ¢ with
Im(&) > 0) to my = 0 in the limit y — +oo (because 6, — 0 while 63 — 7). The simpler formula
for [¥(x, T; M)|? reads

(2.269) ¥ (x, T; M)|* = (Im(a) + Im(B))? — 4Im(a)Im(B)sn?(vq; m1),

which again obviously varies in the range indicated in (2.266). We provide an alternative deriva-
tion of this formula directly from (2.227) in Appendix B.

2.11. Proof of Corollary 1.5.

Proof. We compute
(2270) | M¥(M?0, M*T; G(a,b)) — e "B F (0, 7; M)|[72 ) = [|ME (M0, M>T; G (a,b) |

+ ¥ (0, T M) |72y — 2Re <eiarg(”b)/ MY (M*x, M*T; G (a, b)) ¥ (x, T; M) dx)-

R
But, by Theorem 1.1 and (1.21), we can write this in the form
(2271) | M¥(M?o, M*T;G(a,b)) — e *BY (o, 7; M) |72, =
2Re (e—iargwb) [ (7B, 7 M) — ME (M2, M7 G (a, D)) ¥, M) dx)
R
+0O(M™).

Given 6 > 0, there exists M (6) such that M > M; (6) implies that the error term is less than 342,
Also, by (1.19), we have [¥(x, T; M)| < Im(a(x, 7)) +Im(B(x, 7)) for x > xc(T), an upper bound
that is independent of M and that lies in L?(x.(T), +0) because « and B are continuous down to

X = Xc(T) with common value ¢, and as shown in the proof of Lemma 2.5, Im(a(x, 7)) = O(x %)
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3
and Im(B(x, 7)) = O(x %) as x — +oo. Therefore, when M > M; (),

(2272) || MY (M0, M*T;G(a, b)) — e 8F (o, 7; M) |17

+oc0
2
Xe(7)

. . 1
(M?x, MPT; G(a,b)) — e "8 ¥ (x, 7; M) ‘ (Im(a(x, 7)) +Im(B(x, 7)) dx + 56
Now let f(o,T) € C5°(xc(T), +00) be a test function with compact support in x > x.(7). By the

Cauchy-Schwarz and Minkowski inequalities,

(2.273)
—+o0
2
Xe(T)

(M?x, M*T;G(a,b)) — e "8 ¥ (y, 7, M) | (Im(a(x, 7)) +Im(B(x, 7)) dx <

- ‘M‘If 2, M*T;G(a,b)) — e BOF (x, 7, M) £ (1, 7)| dx

+2(HM‘1’( %0, MY G (a,b)) 2y + (60, T M) 210400 )

- [[Tm(a(e, 7)) + Im(B(o, T)) = fo Ol (e (1), +00)-

The quantity in parentheses is equal to 2v/8 + O(M~!) according to Theorem 1.1 and (1.21). Fur-
thermore, by density, for each T € R, the test function f(x, T) can be chosen to approximate the
Me-independent quantity Im(a(¢, 7)) 4+ Im(B(o, T)) to arbitrary accuracy in L?(x.(T), +-o0). There-
fore, there exists some M;(6) such that M > M;(6) and suitable f5(o, T) € C5°(xc(T), +00) implies
that

(2.274)
—+o00
2 - (MZX,M3T;G(IZ,Z?)) e larg(ab) g Y(x,7; M)|(Im(a(x, 7)) +Im(B(x, 7)) dx <
Xc\T
2 [ M M Gla, ) — e O () ) o+ 56
spt(fs

Finally, using the locally-uniform convergence on compact subsets of x > x(7) such as spt(fs) af-
forded by Theorem 1.4 and the fact that as an element of C§° (xc(7), +00), f5(¢,T) € L} (xc(T), +0)
with norm independent of M, there exists M3(J) such that M > M3(6) implies that

(2.275) 2
spt(fs)

Combining the results shows that M > max{M;j(6), M2(9), M3(J) } implies that

MY (M%x, M3T; G(a, b)) — e 128 ¥ (x 1; M) \yfé x,T)| dy < ;52

(2.276) MY (M?o, MT; G(a, b)) — e 8 (o, 1; M) || 2(gy < 6,

so the proof is finished. O

3. ASYMPTOTIC BEHAVIOR OF ¥(X, T; G(a,b)) IN THE LIMIT 4 — 0: THE CASE x =~ X(T)

In this section we reconsider Riemann-Hilbert Problem 3 in the limit M — 4o, treating the
case x ~ xc(7) for given 7, i.e., we study the transition between the x < x.(7) and x > x.(7)
regimes. Recalling the jump matrix A& (z; x, T, M) from Riemann-Hilbert Problem 3 defined in
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(2.4), we are now interested in the case that the region of the z-plane on which the inequal-
ities —1 < Re(id(z;x, 7)) < 1 hold resembles the third pane in Figure 6. In this situation,
Re(id(z; x, 7)) =~ —1 for z = &(x, 7), the complex critical point of z — ¥(z; x, T) in the upper
half-plane near which the contour I' must pass. Therefore, when x ~ x.(7) and z = ¢(x, T),
the exponential factor e 2iMB(zx 1)) in the (1,2)-element of V5(z; x, T, M) fails to be negligible;

however the factor e2iM(@(zx,7)+1)

present in the other off-diagonal element is then automatically
exponentially small near the same point z in the same situation, because Re(i(d(z; x, T) +1) =
Re(i(d(z; x,7) —1) —2~ -2 < 0.

For the remainder of this section we assume that the Jordan curve I' passes over the complex-
conjugate critical points z = ¢, ¢* and study how to account for the fact that the (1,2)-entry of the
jump matrix VS(z; x, T, M) may become large for z ~ &(x,7) in T as x increases beyond x.(T).
To measure the size, recall the quantity d(x, T) defined in (1.24) so that 2Md(x, T) is the value of
the exponent in the (1,2)-entry of (2.4) at the critical point z = ¢(x, 7). Then, the boundary curve
X = X<(7) is defined by Re(2d(x, 7)) = 0, and the region x > x.(7) corresponds to Re(2d(x, 7)) >
0. We will show that it is possible to analyze Riemann-Hilbert Problem 3 in the limit M — 4-oc0
without the use of any g-function provided that for some K+ > 0, (x, 7) lies in the region S defined
in (1.25). The constant K_ > 0 in (1.25) should be taken sufficiently small to guarantee existence
of the complex critical points ¢, ¢*, and we also assume (see Section 3.3) that K_ < 2. To carry out
this analysis, we will build a suitable inner parametrix in a small disk D¢ of fixed sufficiently small
radius (see Section 3.3) centered at z = ¢, and deal with the neighborhood of z = ¢* using Schwarz
reflection symmetry (2.5). Since (1.25) implies that Re(2d(x, 7)) — 0as M — +o0if (x,7) € S
with Re(2d(x, 7)) > 0, then such points (x, T) must tend to the boundary curve. Therefore, there
exists a constant ¢ > 0 such that (x,7) € S defined in (1.25) implies the uniform estimate (|| © ||
denotes an arbitrary norm on 2 x 2 matrices)

(3.1) sup
z€l'\D;UD;

VS(zx, T, M) — JIH =0(e™M), M — 4o,

but due to contributions from I' N (D¢ U Dé’i) we expect to obtain a new asymptotic description of
Y in this transitional regime.

3.1. Inner parametrices. Under the condition (x,7) € S (see (1.25)) we cannot fully extend the
estimate (3.1) to z € I' " D¢, however we may write

0] (e—cM) _e—ZiM(ﬁ(z;X,’r) —1i)

S(,. —
62) VEXRTM = o) oy |

zel'N D,;r,
where the error terms are uniform with respect to z € TN D¢ and (x,7) € S. We do not further
estimate Vlsz(z; X, T, M) because it may be large for z € I' N D¢ under the condition (x,7) € S, 0
it should be retained and accounted for.

For z € Dg we write

(3.3) —2i(8(z;x,7) —1) = 2d(x,T) — 9(z X, 7).



INFINITE-ORDER ROGUE WAVES THAT ARE SMALL (BUT NOT SMALL IN L?) 61

This defines two opposite M-independent conformal maps ¢(z) = ¢(z; x, T) from D¢ to a neigh-
borhood of the origin ¢ = 0 since z = ¢(, T) is a simple critical point of #(z; x, T) and since d(), T)
is defined by (1.24). Note that ¢(&(x, 7); x, T) = 0, and denoting n(x, 7) := ¢'(&(x, 7); x, 7), dif-
ferentiating (3.3) twice at z = {(), T) gives

(3.4) n(x,7) =9 E(x1)x1) = n(x, 1) =i¢"(E(x, 1);x, 1) #0.

We assume that the smooth oriented contour I' passes over z = ¢ in such a way that ¢ maps
I' N D¢ to a real interval containing ¢ = 0, and then we resolve the sign ambiguity by insisting
that z — ¢(z) is increasing along I' N D¢. This makes 17 a well-defined continuous complex-valued
function of (x, 7). In the rescaled coordinate

(35) £ = Mig(zx,7),
the jump matrix is expressed in the limit M — +co as

1+ O0(e~M) e ¢’

3.6 VS X, ,M _ Md()(,T)U’3'0’3
G6) VizxmM) =e U O(eMMKr) 14 0(eM)

i~BeMAXT 7 € TN D
The condition z € I' N D¢ implies that { lies in a large interval containing ¢ = 0 with endpoints
proportional to Mz, Neglecting the errors, we see that the central factor is the jump matrix for the
following Riemann-Hilbert problem due to Fokas, Its, and Kitaev [17] (see also [15, Section 3] for
a context more relevant to our work).

Riemann-Hilbert Problem 5 (Hermite polynomials). Given n € Zxq, find a 2 x 2 matrix valued
function H!" () with the following properties:

e Analyticity: H" () is analytic for { € C \ RR, taking continuous boundary values on R.

e Jump conditions: The boundary values on the jump contour R oriented from § = —oo to
{ = +oo are related as follows:
1 e?
(3) HU Q) = H(Q) [O " ] , {ER

e Normalization: H'"(7) "% =T+ O(Z" ') as { — oo.

This Riemann-Hilbert problem has a unique solution given in terms of the Hermite polynomials
{Px(0)}52, which are determined by the following properties: P,({) is a polynomial of degree n
with a positive leading coefficient v, > 0 as defined in (1.27) and {P,({)}$, are orthonormal
with respect to the measure e & dZ, ¢ € R, that is,

@) | T n@re az = g,

where Jj is the Kronecker delta. Let 7,(0) := 7, 'P,(7) = "+ --- denote the monic Hermite
polynomial of degree n. Then with the convention that v_; = 0 the formula

1 7, (s)e " ds
7t (g) s |
39)  H"(@Q) = Zm/R s—¢ . n=0,1,2,3,...,

. T, 1(s)e "% ds
=271y 1 7u-1(g) —7311/]Rnls(zg
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provides the solution of Riemann-Hilbert Problem 5. Moreover, det(H[" (7)) = 1. See [14, Chapter
3] or [15, Theorem 3.1] for more details. The matrix H["! (¢) also has the Laurent expansion

(3.10) HY@Q) e =T+ HI T+ I 400, (=,
where
it
27T1')/% , ne ZZO~
—27Ti'y%71 0
The coefficient H@Z in (3.10) is a diagonal matrix due to the property 7,(—¢) = (—1)"m,(Q)

for n € Z>, and in fact H[B]z = 0, see [22, Table 18.6.1]. From this point on, we indicate the
dependence of various quantities on the chosen integer 1 via subscripts.

(3.11) H" =

For a given value of n € Z>( and holomorphic matrix-valued function Y, (z) both to be deter-
mined, we define an inner parametrix for z € D¢ by

(3.12) S;ln(z, X, T, M) = YTZ (Z)M_ %HUSeMd(X,T)UEiU@H[n} (M% q)(z; X’ T))i_gée_Md(X/T)o‘S.
This is analytic for z € D¢ \ T with jump matrix

1 —e2Md(x,T)-Mo(zx,7)*

3.13 VS? (2, x, T, M) :=
(3.13) (zx, T, M) 0 1

, zeI'Nn Dg,
which coincides with the matrix in (3.6) after neglecting the error terms.

A second inner parametrix for S(z; x, T, M) is then defined in the reflected disk Dg centered at
z = ¢* by Schwarz reflection, see (3.24) below. See [2], [12], and [13] for other other applications
of Riemann-Hilbert Problem 5 to the solution of nonlinear equations in transitional regimes.

3.2. Outer parametrix. Given n € Z>, we need an outer parametrix defined for z € C \DgTDE
that matches with the " behavior of the local parametrices. Thanks to the estimate (3.1), the
outer parametrix need not satisfy any sort of nontrivial jump condition on I' outside the disks
D¢ U D;. Therefore, the only flexibility we have for an outer parametrix is to allow it to have poles
in the disks. We introduce an M-independent outer parametrix by

cout/ . o Z— g(X! T) "
(3.14) SOz x, T) = <Z — C(X/T)*> ,
which satisfies the Schwarz symmetry S (z; x, T) = 028" (z%; x, T)*02. Here, n € Z> has the
same value as in (3.12) — the degree of the Hermite polynomial. For z € D¢, the formula (3.14)
can be expressed as S3"(z; x, T) = Y. (z)(z; x, T)"® with
Z— g(X/ T)
(P(Z;Xr T) (Z - g(X! T)*) ‘

Note that z — y(z; x, 7) is analytic and nonvanishing for z € De. In particular z = &(x,7) is a

(3.15) Ya(2) = (@0 0", y(EnT) =

removable singularity:
B 1
2iIm(&(x, 7)) (x, T)°

(3.16) ]/(g()(, T)?X/ T)
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This defines the holomorphic prefactor Y, (z) in (3.12). With this definition, the mismatch of the
inner and outer parametrices for z € dD¢ can be written in the form

ginn(z; X7, M) ggut(z; X, T)_l _ y(Z} X, T)nagicrg,M—%n@eMd(X,r)@
1 1 —ho3
(3.17) -H"(M>2 o(zx, 1)) (Mi o(z; X, ’L'))
-e’Md(X'T)%M%”%i’@y(z; X, T) "%, z€dDg
Using (3.5) and (3.10), we obtain for z € dD¢ (on which ¢(z; x, T) is bounded away from zero) that
S;n (Z; T, M) Sgut (Z; X, T)_l _ y(z,' X, T)na3icf3M—%na3eMd(X,T)03

(3.18) (1+0(M7H))

-e_Md(X'T)‘73M%””3i_‘73y(z;)(, T)7"3, M — +oo.

To prevent the conjugating factors from contaminating the error term we now tie n to (x, 7) to
ensure that ]M_%”eMd(X'T) | is as close as possible to 1. Since

M) e b Md(xT) _ iMIm(d(xT)) 1 /Re(2d(x,7))
B.19)  Au(x,TM):=M " e exp(ln(M) (ln(M)M T —n)l,

we assume that n = N(x, 7; M), where

Re(2d(x, 7)) Re(2d(x, 1)) 1
. ; = | —"2L > [N S A LA S
(3.20) N(x,t; M) { (MM T | = 0, whenever ML = 2’
where | x| denotes the integer closest to a real number x with the convention that [# — 0.5] = n

We truncate the choice of 1 to 0 otherwise:

. o Re(2d(x, 7)) 1
(3.21) N(x, ;M) :=0, whenever 7ln(M)M*1 < 5

Thus, the condition (x, T) € S implies thatn = N(, T; M) lies in the finite range {0,1,2,..., | Ky |}.
With n related to (x, 7) € S, using (3.20) in (3.19) shows that A, (x, T; M) satisfies the estimate

(3.22) M™% < [Au(x, M) < M3, n=N(x, ;M) € Z>1.

In the case n = 0 (resulting from either (3.20) or from the truncation (3.21)), the lower bound in
(3.22) is replaced with an exponentially small quantity:

(3.23) e KM < | Ag(x,T; M)| < Mi, N(x, ;M) =0.

We finally define the global parametrix S(z; x, T, M) by

g}qn(Z;X/ T, M)/ VIS Dgf
(3.24) S(zx, T, M) :={ »SN(z% x, T, M)*0n, z€ D;,
Sout(z; x, T), z € C\ DsUDg,

whereinn = N(x, ;M) € {0,1,2,..., K]}
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3.3. Initial error analysis. The accuracy of approximating S(z; x, T, M) with S(z;x, T, M) is mea-
sured by F(z; x, T, M) — I, where

(3.25) F(z; x,T,M) := S(z;x, T, M)S(z; x,T,M)™!, zeC\ZXk

Here XF .= T U oDz U BDE, where the circles 0Dz and aDg both have clockwise orientation.
Note that F(z; x, 7, M) has a Schwarz-symmetric property analogous to (2.5) and is analytic in
its domain of definition C \ ¥, and its boundary values on the jump contour =F are related by
F(zx,T,M) =F_(zx,t, M)VE(z; x, T, M), where V¥ (z) = VF¥(z; x, T, M) is defined by

(3.26)

Sout(z; x, T)VS(z; x, T, M)S (z; x, T) 7L, ze€T\D;UD;,
VE(z) := ¢ 8N (z;x, T, M)VS(z; x, T, M)VSi (2, x, T, M) 18I (z;x, T, M),  zeTNDg,
Sy (zx, T, M)S™(zx, T) ", z € aD,

where n = N(x, T; M) and the value of the jump matrix on I' N D; and on 0Dy follows by Schwarz
symmetry. Note also that F(z; x, 7, M) — I as z — co.

Since forn = N(x, ;M) € {0,1,2,..., | K|} the outer parametrix Sout(z; x, T) is unimodular,
independent of M, and bounded on T\ DgTDS, using the estimate (3.1) in (3.26) implies that
(3.27) sup  |[VE(zx, T, M) = 1| = 0(e™M), M — +oo,

2€T\D;UD;
for some constant ¢ > 0.

To analyze V¥(z; x, 7, M) — I on the arc T N D¢, we begin by noting that the inner parametrix
Sin(z; x, T, M) does not satisfy exactly the same jump conditions as S(z; x, 7, M) on that arc. In-
deed, recalling (2.4) and using (3.3) and (3.13), we see that a more precise version of (3.2) is

O(e *M) 0

S(,. _ vSih,.
(328) V (Z/ X/ T/ M) - V (Zl XI TI M) + O(eM[‘P(Z;X/T)Z*Zd(X/T)*4]) O(ei4M)

], ZEFQD@,

in the limit M — +oc0. Hence using (3.13) again,

(3.29) VS(zx, T, M)V (z;x,7, M)~

O(e—4M) O (eMPd(x7)—o(zx7)*~4])

- O(eMlp(zn ) ~2d(x)-4]) O(e M)

], ZGFQD(Z, M — +o0.

Thus, with (3.12) taking Y, (z) as in (3.15) and using (3.19), we find that with n = N(x, T; M),
VF(z; X T M) —T=y(zx 1)"%A.(x, T M)‘73i‘73H[f] (M%(p(z; X, T))i A (x, TmM)™ "

O(e74M) O(An (X: T M)Ze—M[<p(z,-X,T)2+4})

3.30
( ) O(An (Xr T; M) _2€M[9D(Z?Xf7)2—4]) O(e—4M)

A, T M)RH (ME (2 x, 7)) % A (x, T M) %y (25 x, T)"

for z € T'N D;. Now, since H"(7) = O((0)"), HI'(Mz2g(z;x,7)) = O(M2") for z € D¢ be-
cause ¢(z; x, T) is bounded there. The estimates (3.22)—(3.23) on | A, (x, T; M)| then show that the
matrix product on the first line of the right-hand side of (3.30) is O(M%(”“)) (in the case n = 0,
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the exponential lower bound in (3.23) is harmless because H!”/(¢) is upper triangular). By uni-
modularity, the same estimate holds for the inverse matrix on the third line of the right-hand
side of (3.30). Because 0 < K_ < 2, the central factor is uniformly O(e ™) on I' N D; for some
d > 0, provided that the M-independent radius of D is sufficiently small. Indeed, this is ob-
vious for all but the 2, 1-entry because ¢(z; x, T)2 > 0 holds on the jump contour. Now, since
K_ < 2, there exists § > 0 such that 4 — 2K_ — 2 > 0, so using the exponential lower bound
for |Ao(x, T; M)| from (3.23) shows that when maXxzernp, @(z;x,7)* < 4 —2K_ — 26 we have for
n = 0 that O(Ag(x, T; M) 2eMleEx1) 4y — O(e2M?). Under the same condition for n > 0 we
have O(A,(x, T; M) 2eMleEx0*~4) — O(MzeMR2K-+2]) — O(e=2M9). Since the conjugating
factors contribute O(M"*1) = O(MLK+1+1) = O(eM?), combining the results shows that
(3.31) sup ||[VE(zx, T, M) —1|| =O0(e ™), M — 4.
zel'NDg

It now remains to estimate the jump matrix VF(Z; X, T, M) on the disk boundaries dD¢ and 8Dg.

For z € dD¢, we recall that ¢(z; x, T) # 0 and first use (3.10) and (3.19) in (3.18) to write

VF(Z;X, T, M) -1 =y(zx )" Ax(x, T; M)Pi?

1 ] 1 -3
(3.32) g = g o2
14)(2;7(, T)Mz2 29(zx,7)?M ( )
ATBA (T M) Ry(z x,T) T, z€ 9D, M — +oo,

where n = N(x, T; M). Next, incorporating the bounds (3.22)—(3.23) in the above expression and
recalling the definition (3.11) together with the facts that H{f]z is a diagonal matrix, that the error
term is an upper-triangular matrix if n = N(x, 7, M) = 0, and that y(z; x, T)"® is bounded for
z € dD¢ independently of M, we find that

0 y(z x, 7)*" An(x, T; M)?
. 2 1
VF<Z; X T, M) —I= n2 27-[1()/" VN
(3.33) 2754 0 ¢(z; x, T)M2
y(z X, T)* Au(x, T; M)?

+O(M™), z€dD;, n=N(x,;M), M— +oo.

Remark 3.1. This estimate shows that V¥(z; x, T, M) — I fails to be small for z € dDg whenever
|An(x, T; M)| approaches the endpoints of the range (3.22) (or the upper endpoint of the range
(3.23) for n = 0 — the exponentially small lower bound at the lower endpoint is irrelevant because
Yn—1 = 0 by convention) and in this case F(z; x, T, M) does not satisfy a small-norm Riemann-
Hilbert problem in the limit as M — +oo. The same problem arises also on aDg by symmetry.

In light of this observation, to be able to cover the whole range of (x,T) € S defined in (1.25), it
is necessary to mitigate the difficulty by considering an explicitly solvable model Riemann-Hilbert
problem whose jump condition involves the components of VF(z; x, 7, M) — I on 9Dz U dD; that
are not small. Put differently, we will now build a parametrix for F(z; x, T, M).
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3.4. A soliton parametrix for F(z; x, 7, M). A closer inspection of (3.33) shows that the largest
terms are different depending on whether |A,(x, T; M)| < 1 or |A,(x, ; M)| > 1. Indeed, if
n=N(xtTM)e{1,2,...,|Ki]}and |A,(x,T;M)| > 1, orif n = N(x, T; M) = 0 without any
further condition on |Ay(x, T; M)|, then

y(zx, 1) Au(x, T, M)?

(334) VF(zx, T, M) =1+ 2mi2g(z;x, T)M? | +O(M™2), z€dD;, M — +oo.
0 0

In the n = 0 case one gets an improvement of the error term to O(M™!) for the same reason no
condition on |Ao(x, T; M)| is needed, namely that y_; = 0. On the other hand, if n = N(x, 7; M) €
{1,2,...,|K;+]} and |A,(x, T; M)| < 1, then
0 0
(3.35) VE(zx, T, M) =T+ | 2miv2_jy(zx,7)>" ol oM
An(x, T M)?9(z; X, T)M?

In both (3.34) and (3.35), the error terms are in the L*(dD¢) sense. We introduce the following
quantities in order to treat both cases simultaneously. Let

NI—=

), z€0Dg, M — Ho0.

An(x, T; M)? 277iy2
(3.36) Lo M) e DO TM” oy M1
27iy2 Mz An(x, T; M)2M2
and define the 2-nilpotent matrices
01 0 0
(3.37) N = , N = .
0 0 1 0

Also define s = &(x, T; M) to be the sign determined from x, T, M in the following way:

+, ne{l,..., |Kyltand |A(x, ;M) > 1,0orn =0

3.38 Sx, M) =
(3.38) (x, T M) { ne{l,..., |K:]}and |[A,(x, T; M)| < 1,

where n = N(x, T; M). Then (3.34) and (3.35) can be written in a common form as

. s2n
339 VF(zy M) = I+ L (x, v M) LEX D™
63 Vs o w M) D

Neglecting the error terms in (3.34)—(3.35) leads to the following Riemann-Hilbert problem char-

N°+O(M~2), z€dD; M — +oo.

acterizing a parametrix for F(z; x, T, M).

Riemann-Hilbert Problem 6 (Soliton parametrix). Given an arbitrary sign s = =+ and a function p(z)
analytic on a punctured closed disk D¢ \ {¢} with a simple pole at the center z = &, find a 2 x 2
matrix-valued function W*(z; p) with the following properties:

Analyticity: W*(z; p) is analytic for z € C \ <8D§ U BDE> , and it takes continuous bound-
ary values on the clockwise-oriented disk boundaries.
Jump conditions: The boundary values on the jump contour dDg U dD; are related by

(3.40) Wi (z;p) = W (z,p) VWV (z;p), z€dD;U oDz,
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where

. I NE, aD;,
(3.41) VW (2 p) = { +pE) z& 95

oI+ p(z*)N*)*op,  z€9D;.

Normalization: W*(z;p) =1+ O(z"!) as z — oo.

Proposition 3.2. Riemann-Hilbert Problem 6 has a unique solution given by

Ré(z; ) VW (z;p) 1, D:U Dy,
(3.42) W*(z;p) = { (z:p) (zp) z € Dg U D¢

R*(z;p), z € C\ Dg U D¢,

where R*(z; p) is the rational function

(3.43) R¥(z;p) =1+ )Z(s_(]ﬂg) + ZZE‘_(;g
Here
(3.44)
I 1 2iIm(&)|C|? 0 o 1 0 —4Im(¢)%C
X (p):= 4Im(¢)? +|C|? | 4Im(¢)2C 0] Z ()= 4Im(&)%2+|[CI* |0 —2ilm(g)|C|2]’
and
(3.45)

X (p) i 1 0 4Im(¢)2C () = 1 —2iIm(¢)[C]* 0
Pl am(@2+C2 |0 2itm(e)|C)2|’ Pl 4m@)2 + [CP | —amm(e)2c* o’
where
(3.46) C:= R:eg p(z).

The first line of (3.42) has only removable singularities at z = ¢, ¢* and it extends as a function analytic in
D¢ U Dy

Remark 3.3. When the residue C has the form Coe*ﬁiM(CX*ng) for Cy # 0, Riemann-Hilbert Prob-
lem 6 characterizes a fundamental solution matrix of the Zakharov-Shabat eigenvalue problem
with spectral parameter z and simple eigenvalue z = { € C corresponding to the soliton solu-
tion of the focusing nonlinear Schrodinger equation in the form (1.20). This solution is a reflec-
tionless potential for which the only nontrivial scattering coefficient is a simple Blaschke factor
a(z) = (z—¢)/(z — &*). Actually, defining the scattering coefficient requires selecting a direction
s of normalization so that W — I as x — —soo, and it is well known that one may change the
direction of normalization by conjugating by the scattering matrix 2(z)’. Indeed, the solutions of
Riemann-Hilbert Problem 6 are explicitly related for opposite signs s and corresponding residues
C, C. To see this, it suffices to work outside of the two disks and consider the rational matrix
R"(z; p) where p has residue C at z = {. A simple calculation starting from (3.43) and (3.45)
shows that R* (z; p)a(z) 7 is a rational function of the form R~ (z; 7), where the residue C of p at
z = ¢ is givenby C = —4Im(¢)?/C.
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We prove Proposition 3.2 in Appendix C. Taking the function p(z) to be given in terms of z €
De(yr) \ {¢(x, T)} and parameters x, T, M by

y(zx, 1)
p(zx, 1)’
we define a parametrix for F(z; x, T, M) by F(z; x, T, M) := W*(z; p5,(o; x, T, M)).

(347) p(z) =p,(zx, T, M) :=L(x,T; M) n=N((xtM), s=6(x1M),

Next, we proceed with analyzing the accuracy of approximating F(z; x, T, M) with F(z; x, T, M).

3.5. Improved error analysis. Given M > 0 and (x, T) € S (see (1.25)), we define the (improved)
error matrix

(3.48) E(z;x, T, M) := F(z; x, T, M)EF(z; x, T, M)}, zecC\ZE,

where £F = £F = TU9D; U oD;. It is easy to see that E(z; x, T, M) satisfies a Riemann-Hilbert
problem of small-norm type as M — oo, uniformly for (x,7) € S. Indeed, z — E(z; x, 7, M) is
analytic in its domain of definition and tends to the identity as z — co. On the arcs of YE it satisfies
jump conditions of the form E(z; x, 7, M) = E_(z; x, T, M) VE(z; x, T, M) where the jump matrix
is given by

(349)  VE(zx, T, M) :=F(zx, T, M)V (zx, T, M)E(z; x,T,M)~", zeXF\ (dD;UID;),

and
(3.50)
VE(zx, T, M) :=F_(zx, T, M)V (2 x, T, M)V (z; x, T, M) 'F_(z;x,7,M) ™!, z€9DgUID;,

where VF(Z; X, T, M) denotes the jump matrix for the parametrix F(z ; X, T, M). Since the residue of
p(z) atz = ¢(x, 7) is bounded uniformly for (), 7) € S due to the definitions (3.36) and (3.38) and
the bounds (3.22)—(3.23), it follows from Proposition 3.2 that z — F(z; x, T, M) is also uniformly
bounded. Since F(z; X, T, M) has unit determinant, it is then clear that the conjugating factors in
(3.49)—(3.50) are uniformly bounded. Then using the estimate (3.27) and the estimate (3.31) with
its Schwarz-reflection analogue valid on I' N D}, one sees from (3.49) that
(3.51) sup  |[VE(zx, T, M) —1I|| =0(e™M), M — +c

z€XE\ (9D;UID})
holds for (x, 7) € S, where ¢’ = min{c,é} > 0. Since A% (z; x, T, M) is exactly given by the explicit
terms in VF(z; X, T, M) in (3.39) for z € dD¢, and since these terms are bounded on 0D, one sees
that VF(z; %, T,M)VF(Z;)(, T, M) =T+ O(M_%) holds uniformly on 9D; and for (x,7) € S.
Combining this with its Schwarz-reflection analogue and using the results in (3.50) then shows
that

(3.52) sup  |[VE(z;x, T, M) —I|| =O(M™2), M — oo,
ZEaDgUaDg

an estimate that is also uniform for (x, 1) € S.
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Since VE(z; x, T, M) — I is uniformly O(M_%) on the compact jump contour ZE, it follows from
standard small-norm theory" that

(3.53) E-1(x, T M) := lim z(E(z; x, 7, M) — 1) = O(M™2)

holds uniformly for (x,T) € S.

Recall now the recovery formula (2.6) and note that in a neighborhood of z = co we have the
identities S(z; x, T, M) = F(z; x, T, M)S%"(z; x, T) = E(z; x, T, M)E(z; x, T, M)S%"(z; X, T). There-
fore, as all three factors tend to the identity as z — co and S,‘;ut(z; X, T, M) is diagonal,

MY (M?x, M>1;G(e M, /1 — e~4M)) = 2i lim zFia(z; X, T, M) + 2iE_1,12(x, T; M)
(3.54) e
= 2i lim zFi>(z; 1, T, M) + O(M™2), M — 4o,
Z—00

where we used (3.53). Now we calculate the explicit term using Proposition 3.2. If n = N(x, 7; M)
and s = G(x, ; M) = +, then Fia(z; x, T, M) = Wih(z pyi (0,7, M)) = R (z p); (o;x, T, M))
holds by definition for large z. Therefore, using (3.43) and (3.45) gives

8iIm(&)%C;

(3.55) Zizlggozlflz(z;x, T, M) = 2iX},(py (o6, T, M)) = TR 1 [P =: ¢, (x, T; M),

where

. 2n
(356) Cf =Ci(oTM)i= Res pi(zx M) = L (o mUEL L)
z=¢(x,7) n(x,T)

— L (o, T M) Im(E(x, T)] 2 (o, T) 2,

and (3.16) was used on the second line. On the other hand, if n = N(x, 7; M) ands = S(x, T; M) =
—, then for large z we have Fo(zx, T, M) = Wi (zp, (0;x,T,M)) = Ry,(z p, (05 x,T,M)), so
using (3.43) and (3.44) gives

—8iIm(&)%C,

(357)  2ilim zFip(z;x, T, M) = 21Z,(p, (051, T, M) = ImCRE LG E ¥, (X, T M),

where

- _Co - - y(E(x )X, T) "
B858) C, =C,(x,uM):= Res p,(z;x,T,M)=L,(x,m M
(x ) ,Res v (zx ) (x ) 10T

= L, (x, mM)[2Im(G (x, 7)) (x, ©)*" .

Although ¢ and C; are only used when n = N(x,7; M) and s = &(x, T; M), these expres-

sions have meaning when n, s, x, T, M are all independent. In this setting, we have the following
identity, which is also related to Remark 3.3:

Lemma3.4. C/ (x,; M)C, (x, T; M) = —4Im(E(x, 7))* holds for n € {1,2,..., |[K{ ]}
The proof will be given in Appendix C. Lemma 3.4 immediately implies the identity

(3.59) v, (. TM) =9 (x,tM), ne{l2,...,[Ki]}

5See, for example, [4, Section 4.1.3] for an application of this theory in more detail in a similar setting.
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Therefore, it is sufficient to work with the functions ¢, (x, t; M) for n € {0,1,..., |Ky]}. These
can be written equivalently in the form

(3.60) ¥ (x, T; M) = 2Im(&(x, 7))sech (P, (x, T; M)l (xTM),
where
Crix,;: M
(3.61) Pu(x, ;M) = 1“(%) Qu(x, T M) = g +arg(C, (x, T; M)).

Since iC;} (x, T; M) = 2Im(Z(x, 7)) Dn(x, T; M), where D, (x, T; M) is defined in (1.26), these ex-
pressions agree with those in (1.28), and o, (x, T; M) agrees with ¥, (x, T; M) defined in (1.29).
We therefore have shown that with n = N(x, T; M),

o -1 M) —
(3.62) MY (M2x, MPT;G(e M, \/1 — e—4M)) = ¥ LT M) +0M )1’ s TM) =+
o (xTM)+0(M™2),  s(x, ;M) =—

in the limit M — +oc0 with the error being uniform on the region S specified by (1.25). Using
(3.16), (3.19), (3.36) and (3.56) in the definition (3.61), we have

(363) ©y(x, T M) = M<Re(2d(;(, 7)) — (n + ;) 1“5\?”)

—In(27ty;) = (2n+ 1) In(2Im(E (x, 7)) 17 (x, T)1).

Now the conditions n = N(x, 7; M) and &(x, T; M) = + imply that —1 In(M) < MRe(2d(x, 7)) —
(n+1)In(M) < 0, and it follows that — In(M) + O(1) < ®,(x, T; M) < O(1) as M — ~+oco. Fur-
thermore, for any integer k € Z, we have —(k+ 3) In(M) + O(1) < ®,.(x, T; M) < —kIn(M) +
O(1) in the same limit. Provided that k # 0, we then have |®, «(x, T; M)| = ;In(M) and so
W (T M) S M~ 2. Therefore,

[Ky ] LKy ] (K41 L
B6d)  pruTM) = ), g M) = ) Yu(xTM) = ), ¢n(x M) +O(M2).

m=0 m=0 m=0

m#n
Likewise the conditions n = N(x, 7; M) and &(x, 7; M) = — imply that 0 < M Re(2d(x, 7)) —

(n—1)+ 3)In(M) < 3In(M), and it follows that O(1) < ®,_1(x, ;M) < 3In(M) + O(1), so
also for fixed k € Z, —kIn(M) + O(1) < @, 14(x, ;M) < —(k — 3)In(M) + O(1) in the same

limit. Hence for k # 0 we have [, ., (x, T, M)| < M~2 and so

(K4 ] K4 ] K+ ] )
365 Yy (xTM) =) pux,TM) — Y ¢ax, TM) =) ¢, TM)+O(M 2).

m=0 m=0 m=0

m#n—1
Using these results in (3.62) shows that regardless of the value of N(x, 7; M) € {0,1,..., [K+]}
and of the sign S(x, ; M) € {—,+},
LK+ ]

(3.66) MY (M2x, M’T;G(e M, /1 —e#M)) = Y gt (x, ; M) + O(M™2), M — +oo

m=0
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holds uniformly for (x,T) € S. Appealing to the estimate of the left-hand side on arbitrary com-
pacts ¢ consisting of points with x < x.(7) that is part of Theorem 1.4, and noting that the finite
sum on the right-hand side of (3.66) is exponentially small on .#" extends the domain of validity
of (3.66) to %" as well. Restoring the phase factor e iarg(ab) completes the proof of Theorem 1.6.

Remark 3.5. The condition that the sum in (3.66) is finite is essential for the validity of the argu-
ment, to control the O(1) terms in the bounds for ®, (x, T; M) and ®,,_1.«(x, T; M) and hence
guarantee that these phases are logarithmically large as M — +oo for k # 0. These O(1) terms de-
pend on k, and due to the term — In(27192) in (3.63), which grows rapidly with 7, there is always
some value of n for which this M-independent becomes competitive with the otherwise dominant
terms in (3.63) proportional to M and In(M). This subtle point has been missed in some prior
works (e.g., [12, 13]).

3.6. Proof of Corollary 1.7.

Proof. Let n € {0,1,...,|K;]} be fixed. The maximum value of |¢,(x, T; M)| is achieved on a
curve depending on M defined by the condition ®,(x, T; M) = 0. Let (o, 70) denote a point on
this curve. We Taylor-expand @, (x, T; M) and Q),, (), T; M) about this point using the fact that for
each index pair (k, /) withk > 0and ! > Obutk+1>1,

(3.67) koL@, (x, T; M) = 2MRe(250Ld(x, 7)) + O(1)
and

k ] . _ k
(3.68) L0, (x, T; M) = 2MTm(25akd(x, 7)) + O(1).

Thus, if x — xo = O(M ™) and T — 19 = O(M™1!), then since @, (xo, T0; M) = 0,

(3.69) D, (x, T; M) = 9,Pu (X0, 10, M) (X — X0) + 9cPu(x0, 70, M)(T — T0) + oM™,
Likewise, setting QY := O, (x0, T0; M),

3700 Qu(x, T M) = Q) + 0,0 (0, 70; M) (X — x0) + 9O (0, T0; M) (T — 1) + O(M ).

Since z = {(x, T) is a critical point of z — 9(z; x, T), we have

(3'71) aXd(X/ T) - _iﬁX(C(X/ T);X/ T) = _ig(X/ T)/

(3.72) ded(x, T) = —i0:(E(x, T); x, T) = —i&(x, T)%

Therefore, denoting &o := &(xo, T0),

(3.73) @, (x, T; M) = 2MIm(Go) (x — xo) +4MIm(o) Re(%o) (T — 1) + O(M ™)
and

(B.74)  Qu(x, ;M) = Q% —2MRe(&)(x — x0) — 2M[Re(&))? — Im(&)?](T — 1) + O(M™1).

Therefore, replacing (x, T) with (xo + x, T + 7) and substituting into (3.60) gives ¢, (xo + X, T +
;M) = gu(x, ; M) + O(M™!) for x = O(M~!) and T = O(M~!), where g, (x, T; M) is defined in
(1.32). This completes the proof. 0



72 DENIZ BILMAN AND PETER D. MILLER

APPENDIX A. PROOF OF LEMMA 2.7

Proof of Lemma 2.7. By the second identity in (2.145), we can take the supremum over y € [—7, 7T
instead of y € R. Since ®(x; H)?> > 0 and O(iy; H)?> > 0 for all variables under consideration,
T(H) is a continuous function of H. To estimate it in the limits H | —ocoand H 1 0. As ©(w*; H) =
©(w; H)* for real H < 0 and complex w, we have the simplified estimate

O(0; H)*O'(x +iy; H)O(x — iy; H)
(A.1) T(H) <2 su . .
(H) %nggp_%H O(x; H)?O(iy; H)?
—n<y<m

Now, for all x,y € Rand H < 0, from (2.144) we have

(A.2) O(x —iy; H)| =) e Hemxg—iny| < ) e Henx — O(x; H).
nez nez

Similarly,

(A.3) @' (x +iy; H)| < Y |nfe2Hem,

nez

and using the inequality || < el”/~1 valid for all n € Z, we get

|®/(x+iy; H)| < 1 2 e%nzHenxe\rq < 1 Z e%"ZHe”(X‘H) _|_1 Z e%nzHen(x—l)
(A4) e e = e =

_ %(@(er L H)+O(x - 1;H)).

Using (A.2) and (A.4) in (A.1) along with the first identity in (2.145) gives

4 O(0; H)?O(x + 1; H)
(A.5) T(H)<- su .
(H) e %nggp%H O(x; H)O(iy; H)?
—mSY<T

Applying the dominated convergence theorem to (2.144) shows that
(A.6) Hlim O(y; H) =1, wuniformly fory € R.
——00

And for real arguments x € IR, to study the same limit we complete the square in the exponent of
the summand in (2.144) to obtain

(A7) e/CHQ(x; H) = Y edHOHX? X .= T e R,
nez H

This is a periodic function of X € R with period 1. Assuming without loss of generality that

—3 < X < 1, in the limit H | —oco the largest terms correspond to n = —1,0, 1; subtracting them
off gives:

Z erHn+X)? _ GHX? _ GGH(X-17 _ GH(X+1)* _ 3HX? Z oz H(n*+2nX)

nez nez
(A.8) n|>2

[ee]
1Hx? LH(n?—n) 1
< 2e2 2 ez , —3 < X<
n=2
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Reindexing by n = k + 1, using k2 > kfork=1,2,3,...,and summing the resulting geometric
series shows that
(A.9) 2 e H(n+X? _ JJHX? <1+e2H(1 2X) +e%H(1+2X) +O(eH)>’ H | —co,

nez

uniformly for —3 < X < 3. We can use this result on the right-hand side of (A.7) if we replace X
with the fractional part {x/H} defined by {¢} := o — [0] € (=3, 3] where [0] denotes the nearest
integer function, rounding down at the half-integers:

(A.10) O(x;H) = o—**/(2H) g3 H{x/H}? (1 4 e3H(-2{x/H}) | (IH(1+2{x/H}) _|_O(eH)), H | —oo,
with the result being uniformly valid for x € R. Now notice that as {x/H} varies between —1
and %,
(A.11) 1<1 _’_e%H(le{x/H}) +e%H(1+2{x/H}) < 24+ eH.
Hence also

(A12) 0< O+ LH) _ (2 4+ O(el))e—*/He=1/ (GH)bH{x/ H+1/HP =3 H{x/HY | 1 | o,

O(x; H)
Now, unless —% < {x/H} < —} — L, wewillhave {x/H+1/H} = {x/H}+1/H and it follows
that e~ 1/ 2H) g2 H{x/H+1/HY o =3 H{x/H}* — o{x/H} < 2. Otherwise, {x/H} = —} 1+0O(H™!) and

{x/H+1/H} = 3 +O(H™"), and therefore e_l/(ZH)e%H‘{’C/HH/H}Ze_%H‘{"/H}2 = 0(1)as H |
—o00. Therefore,
O(x+1;H)
O(x; H)
holds uniformly for x € R. Using (A.6) and (A.13) in (A.5) proves the estimate (2.203).
To obtain asymptotics of T(H) as H 1 0 instead, we use the Poisson summation formula to

(A.13) =0(e*H), H| -

convert (2.144) into a different series representation of ®(w; H):

(A14) O(w;H) = 2 2w/ Qri)2/H _ | 2T /2 g
neZ H

<27Tiw. 4772

), H<o.
H H) <

Combining this formula with the inequality (A.2) gives

=
F

/(2H) oy?/ (2H)

|®(x —iy; H

2my | 2mix 4m?
®<_ H  H'H )'

(A.15) 2m) g 27my A
H'H

IN

'O (iy; H).
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Using this inequality in (A.1) gives

/
T(H) <2 sup e 2/ (2m) O(0; H)z O'(x +1iy; )‘
%HSXS—%H G(XIH) (1% )
—<y<m
(a.16) O(0; H)? @' (x +iy; H)
<2e s sup 5 i '
3H§x§7§H®(X;H> O(iy; H)
—n<y<m
Next, differentiation of (A.14) yields the identity
(A.17)
o 27 2yam) g (27w AT\ | 27 |27 2w gy (27w 4T
O'(w;H) = H —5e Q) T H —|—H e Q) 00 )
Therefore, forall x € Rand y € [—7, 7],
o _2ny+27rix‘47r2
(A18) @' (x +iy; H \/x2+y\/ 1/(2H) H H' ' H
' ®(iy;H) ©(iy; H)

. o 2 N 2mix 47?
27T\ 2 (2_ 2)/(2H) H H ! H
+ eV 7 ,
H @(iy;H)

and applying (A.15) to the first term in the upper bound gives
(A.19)

. ®,<_2ny N 27tix 4712)
O(x+iy H)| _ V¥ +y? o/ @H) (20N (2 -2)/(2H) H H ' H
oGy H) |~ (—H) H ©(iy; H)

To deal with the second term, we begin by rewriting (A.4) with the necessary substitutions and
then use (A.14) once again on the resulting right-hand side to obtain the inequality

[ 2my  2mix 4m? 1 2my ? 27y 47
. — . < — - - 71—
(A.20) ‘@( F+ T ) <o (e H+1H +o(-TY -1,

W BN <ey/(2”)® (i]/ - ﬁ; H) +e W(Z’f)@(ly + ﬁ,‘ H> >
e 27 27T

27
Now, taking w = iy for y € R and combining (A.10) and (A.14) gives

(A.21) @(1]/’ H) = \/Eebrz{y/(%r)}z/H

. (1 4 2P (1-2{~y/@m)})/H | 2 (14+2{~y/(2m)})/H +O(e4n2/H))

7
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as H 1 0, uniformly for y € R, and we have the upper and lower bounds

(A.22) 1<1+ o2 (1-2{—y/(2m)})/H +e27‘(2(1+2{7y/(27'()})/H <24+ i’ /H.

Using these shows that, uniformly for y € R,

S) (iy S H)
(A.23) @(iy-zg) < o2 {—y/(2m)£H/(4n%)}/H o —2m*{—y/ (2m)} /H (2 + O(e4n2/H)) =0(1)

holds in the limit H 1 0 (the second estimate follows from exactly the same reasoning as applied
after (A.12) above). Therefore, combining (A.19), (A.20), and (A.23) gives

©'(x+iy; H) 1
(A.24) su —————>|=0(H "), HTO.
gnggp—gH ©(iy; H) e
—n<y<m

Finally, taking w = x € R and combining (A.6) with (A.14) gives

(A.25) O(x;H) = ,/—%”e—XZ/(ZH) (140(1)), H?1O

uniformly for x € R. This immediately yields that uniformly for x € IR,

. 2
(A.26) m —=e/H(140(1)), H?TO.

Using this along with (A.24) in (A.16) proves the estimate (2.204) and finishes the proof. 0

APPENDIX B. ALTERNATIVE FORMULA FOR |¥(x, T; M) |?

Although the alternate elliptic parameter m; defined in (2.267) is apparently not naturally asso-
ciated to the underlying elliptic curve R whose theta function theory is used to solve Riemann-
Hilbert Problem 4, it is the parameter most naturally linking the theta functions of R to Jacobi
elliptic functions. This is best seen using the descending Landen transformation [22, Eqn. 19.8.12]:

(B.1) K(m) = H\?WK((L\/@) 2) , 0<m<1.
Replacing m in this identity with 1 — (1 — /T —m)/(1+ /1 — m))? yields
(B.2) K (1 — (L\/@)z) =(1+V1-mK(1-m), 0<m<l1.
Therefore,

]K(l — (1 — m)z)
(B3) Ki-m _1 PV ) e
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With another substitution, this can be written as

K (1 . 4Aym )
_ 2
(B4) Kd-m _, A+ vm?®) o o<,
(Lt

Consequently, according to (2.138), the period ratio appearing in the solution of Riemann-Hilbert
Problem 4 is

kam X0 G
(B.5) H= o """ _ 5y (L+ v'm)

K(m) 1K< 4/m >
(1+v/m)?

Taking m = cot?(16,) tan?(36;) as indicated in (2.138) then implies that
(B6) H = —271_']K(1 —my)  4ym 4cot(30,) tan(365)  sin(6,)sin(6p)

, My = = = .
K (my) ! (1++/m)?  (1+cot(36,) tan(36p))2  sin®(3 (6. + 6p))
With this in hand, we can return to (2.227) and directly try to write the ratios of theta functions in
terms of Jacobi elliptic functions with parameter ;. In this Appendix, we will use this approach
to prove the alternate formula (2.267)—(2.269) for [¥(x, T; M)|>.
To this end, first write (2.226)—(2.227) as follows: ¥ (x, T; M) = e "M?FG, where
(B.7)
, O(A(o0) + A(zo) + K; H) O(A(0) — A(zg) — K+iMA; H)
F:=i( —1 = .
iIm(B) = Im () G A eo) = A(zo) —IGH) C " ©(A(e0) + Alzo) T K — iMA; H)

Then, using the fact that Im(A(c0)) = Im(A(zp)) = —47 we can write A(c0) = 1y — lirr and

A(zo) = 3y — 3irm where 77 and y are real. The latter are related by (2.143) in which n; = —1 +2u
and 1, = 1+ 2v for (u,v) € Z2. Therefore,

(B.8) A(o)+ A(zog) = 2u—1)in+ (3 +v)H and A(eo) — A(zo) =57 —2mip — (3 +v)H.
Using also (2.146) and ©(w + 27ti; H) = O(w; H) gives

. O((v+1)H; H) _ O(y —im+iMA — (v+ 1)H; H)
(B9 F=ilm(p) —Im(a) g = — o ma” T e(—iMA+ (v 1)H; H)
Next, using the “iterated” identity @ (w 4+ nH; H) = e~ 2" H-"0@(w; H) for n € Z gives
) _ . ®(0; H)

— _ D) (p—im) _ Z\ )

510) F =i(Im(B) — Im(a))e &0 — i H)
. G = o) (-in) O(n —im+iMA; H)
O(—iMA; H)

Hence also ¥ (x, T, M) = e "ML G where
(B.11) Fomi(im(p) — Im(a)) — 20 g . O —in+iMAH)

O —imH) ©(—iMA; H)
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Note that F is purely imaginary. Therefore

172
(B.12) IF|* = (Im(B) — Im(a))zm-
On the other hand, G has a variable phase depending on MA, so from (2.144) and @(—w; H) =
O(w; H),

Oy — irt +iMA; H)®(1 + im — iMA; H)
O(iMA; H)?
Next, using the addition formula (deduced from [22, Eqn. 20.7.8])

(B.13) IG|> =

(B.14) O(w+z H)O(w —z; H)

O(w + irm; H)2O(z; H)? + ezHt0+2@(w + irr + 1 H; H)?O(z + 1H; H)?
O(ir; H)?

with w = 7 and z = iMA — im gives

Oy +im; H)*O(iMA — im; H)?

(B.15) |G|* =

O(ir; H)20(iMA; H)?
N bbby imrima ©07 + 1+ TH; H)?O(iMA — it + 3H; H)?
O(ir; H)?O(iMA; H)? '
Now we use the identities
OW+imH)  ©(0;H) K () L
(B.16) O H) ~ 0(imH) dn - (W +im); mq
and
O(W+1H+im H) . 1wO(—1H;H) [(K(m) ,

(B.17) O(W; H) = —je 2 o0 H) Cn< - (W+17r),m1>,

along with ®(W + 27ti; H) = ©(W; H) to give

_ O(n +im; H)20(0; H)?2 K
B.18) |G]2 = 2U (;zm;)H)f )dn2< (:1)(MA+71);m1>

+ e2Htn

O(n+im+ 1H; H)?O(1H; H)2an K (m17) (
O(ir; H)*
Next, using (2.235) with H replaced by H/2 gives

e )4
(B.19) |FG|* = (Im(B) — Im(a))zmcinZ <1K(;”1) (MA + 7T>}m1)

177 p4 " -
— ezH(Im(B) — Im(zx))2C?D((zi71_i'[1j))4 sn? (Kgnl) q;m1>cn2 (H((ﬂ ) (MA + 7[),'7711).

Using [22, Eqn. 20.9.1] we have

(B.20) m, = ez
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SO

(B21) |FGP = (Im(B) — Im(a))z(% [dnz (IK(;’“) (MA + n);m1>

— tmysn? <]K§:1)17;m1>cr12 <1K(:[11) (MA + ﬂ);mlﬂ .

Combining (B.20) with [22, Eqn. 20.7.5] shows that also
O(ir; H)*

— - =1-m.
O(0; H)* ™

(B.22)

Using this, as well as dn?(+;m;) = 1 — mysn?(-;my) and en?(-;my) = 1 — sn2(-;my ), together with
sn?(—iw;my) = —sc?(w; 1 — my) (see [22, §22.6(iv)]),

(B23) |Fap = (m(p) —Im(x))”

1 m [(1+mlsC2(u1;l—m1))

—mi(1+ sc?(u;1 — ml))snz(nl;ml)},

wherein
(B.24) up = ]K(;Tnl)iy, 7 = Re(2A()), by:= IK(;:l) (MA + 7).
Comparing with (2.243), we have
- IK(ml) -
(B.25) u = K(m) u=(1++mu.
The substitution behind the descending Landen transformation in the form

1 dw 1 1
(B.26) lK(M):/O NN 1+\/%/0 VIl mE  1+ym
is
(B.27) W LEvm— /(14 Vm)? — 4y/mp (14 /m)W

— =~ VT

2/ mt 14+ vmW2'

Using this same transformation in the formula u = U (itan(16,)) where U({) is defined by (2.247)
givesu; = Uy (itan(5(6x + 05))) wherein

dt ]K(ﬂ’ll)

dt
\/ 1-— m1t2 '
Note that in computing u;, the upper limit of integration can take any purely imaginary value;

:
(B.28) (@) =i /O N

hence to make the integral well-defined we can assume that the path of integration lies on the
imaginary axis, proceeding upwards from the origin and possibly continuing through the inte-
grable singularity at t = oo should the upper limit be negative imaginary. Then, by exactly the
same arguments as were used to analyze r({) := sn?(U({);1 — m) in Section 2.10 we have the
analogous result:

é’Z

(B.29) r1(g) := sn* (Ui (0); 1 —my) = Zo1
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T k. s l .
aking { = itan(; (6, +6p)) yields

2 o osnP(ul—my) rl(itan(%(0a+95))) e 2/1
(B:30)  sc”(u;1 —m) = 1—sn?(u;;1—my)  1-— ri(itan(3(6x +65))) =G0 0p).

Using the notation t, := tan(36,) and tg := tan(365) we then have by an addition formula

B.31 2(uy;1 _ tan(3(6, + 65)) — ot 18)
( . ) SC (ulz —ml)—tan (j( nt+ ﬁ))_m
Then using the definition of m; in (B.6) gives
4t 't At t 1 te +t5)?
(B32) nmy = ail’B = & ‘B 5 —— = ( & ‘B)Z
(1+ty tﬁ)Z (ta + t,B) 1—m (ta — t/S)
Hence,
B3y Lrmsclulom) (bt tp) (1 Aalp ) _ (ot 1)L+ tatp)®
' 1-— nmq (ta — tﬁ)z (1 — t,xtﬁ)z (tu — tﬁ)z(l — tatlg)z
and
m1(1+sc2(u1;1 —7711)) 4tai"3 (t,x—i—t‘g)z 4tlxtﬁ(1+t§)(1+t%)
(B.34) = S 1+ 5| = - -
1—m (ta —tg) (1 —tutp) (ta — tp)?(1 — tatp)
Then also,
tg —to)?(1 — tutg)?
(B.35) (Im(B) — Im(a))* = p*(sin(6p) — sin(6,))* = 2 (tp — ta)"(1 ~ tut)

(1+8)2 (1 +)2
Using these results in (B.23) gives
407 (ty + tg)*(1 + tatp)? 160 tatp

B.36 FGP*> = — 2(0g;my).
(B.36) [FC] Arepi+a2 G+e)+8) (vrjm1)

Then observe that
40 (ty +tg)2 (1 + tatp)?

(B.37) S t%)z = (psin(by) + psin(eﬁ))2 = (Im(x) +Im(B))?,
and

2
(B.38) i jff) (ti‘tfr 7= 407 sin(6, ) sin(6) = 4Im(a)Im ().

Since [¥(x, T; M) |> = |EG/?, this proves (2.269).

APPENDIX C. SOLUTION OF RIEMANN-HILBERT PROBLEM 6 AND PROOFS OF RELATED
PROPERTIES

Proof of Proposition 3.2. We first produce a solution of Riemann-Hilbert Problem 6. The fact that
this solution is unique follows by a straightforward application of Liouville’s theorem using the
fact that the jump matrix has unit determinant.
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Observe that

c 0 e) i {Wﬁwwwﬁ (mp),  ze(D;UDH\(EEY,

We(z; p), z € C\ DgU D},

extends to C \ {¢,¢*} as a meromorphic matrix function with simple poles at z = ¢ and z = ¢*
only, thanks to the analyticity properties of W*(z; p) and the fact that the jump matrix VW' (z; p)
defined in (3.41) has simple poles at z = ¢,¢* and is otherwise analytic in the disks. Therefore,
Q°(z) necessarily has the form

X® VA
¢ z-¢

where X® and Z*° are constant matrices to be determined. Because the conditions of Riemann-

(C2) Q(z) =1+

Hilbert Problem 6 are symmetric with respect to Schwarz reflection, X°* and Z* are related by
(C.3) 7° = X 0y

As W#(z; p) is analytic at z = ¢, {*, the condition

(C4) Q(z)VW(zp) '=0(1), z—E¢,

must hold. In what follows we focus on the limit z — ¢ as what happens as z — ¢* follows from
the symmetry in the problem. Since N* is 2-nilpotent, from (3.41) we have

C5  VWi(zp) l=T-p(E)N*= -CN°*(z—&) ' +T1—pN*+0(z—¢), z—FE,

where p(z) has the Laurent expansion p(z) = C(z — &)~ + po + O(z — &) (see (3.46)). Then,
expanding (C.2) as z — ¢, we see that
(C.6)

Q*(z) VWV (z;p) ! = —CX*N*(z — &) 2 + {Xﬁ(ll — poN®) - C (11 + z

= g*>N5} (z— &)1+ 0(1).

Comparing with (C.4), we arrive at the following linear system of equations for the unknown

matrices X® and Z°:

(C.7) CX°N*® =0,

S
(C89) xs(n—poNS)—c<11+ z *>N5: .
¢—¢
Because N* is 2-nilpotent, multiplying (C.8) on the right by (I — poN®)~! = T + poN* allows X* to
be explicitly expressed in terms of Z° as:

5 25 5
(C.9) X _C<H+g_§*>N.

The equation (C.7) gives no additional information, but using (C.3) to eliminate Z° gives

(C.10) X =C (11 + ‘Téf é?) N°.
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In the case s = —, using (3.37) shows that the second column of X~ vanishes, and the first column
then reads
X e 2iIm(&)|CP? 4Im(g)*C
11 2iIm(¢) - ilm _ m
(C.11) = A == X;, = , = ,
21 14 Xn T 4Im(Q)2+|CP7 T 4Im(§)? +|CJ?

2iIm(¢)

which together with (C.3) then proves (3.44). If instead s = +, then the first column of X' vanishes
and the second column then reads

X
1+ 2 .
X, 2iIm () _ 4Im(¢)%C _ 2iIm(g)|C|?
C12 12 C * - X, = ’ X5, = 7
N P 2 fm@e IR 2 Tim(z)? + |CP
2iIm(¢)
which together with (C.3) proves (3.45). 0

Proof of Lemma 3.4. From the definitions (3.56) and (3.58) we get
Ly (X T ML, (x, T, M)
(€0 0)ix ) (x, 1)?

(C.13) Crix.twMC, (x, mM) =
Using (3.16), this can be written in the form
(C.14) Cra (06T M)C, (x, M) = —4Im(E(x, 7))L (x, T M)L, (x, T M).
But, recalling (3.19) and (3.36), we have

An—l <XI T, M)Z -1
Ay(x, T; M)2M !

so the proof is complete. O

(C.15) Ly (x, TM)L, (x, T; M) =
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